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Physical activity has a major impact on health. Questionnaires are the most
common method of physical activity assessment. While cost effective, these are
subjective and can correlate poorly with actual activity levels. Accelerometers
have gained popularity given their accuracy, objectivity and ability to capture
large amounts of data. Simple summary measures such as the total or average
activity over the day are often used. However, these fail to exploit the
longitudinal nature of the data and do not capture the variation in activity
levels throughout the day. This study intends to capitalise on this nature by
implementing a functional data analysis approach.
Activity data was collected from a cohort of 475 people in Mitchelstown in 2011.
The individuals wore wrist worn accelerometers in a free living environment for
a week. This data was collapsed into 1 minute epochs and each epoch was then
aggregated over the week to get an estimate of daily circadian activity. The
discrete wavelet transform was chosen as the smoothing technique to reveal the
underlying functional nature of the data. This allows every individual in the
cohort to be represented by a smooth activity profile. This study aimed to
identify and characterise subgroups within a cohort based on these activity
profiles.
Functional principal component analysis was applied to these activity profiles in
order to explore the dominant patterns within the data. Each individual’s
profile was approximated by a weighted sum of profiles and these weights were
then used to perform a cluster analysis. Five distinct subgroups were identified.
These differed from each other in both the magnitude of the activity and the
times at which the activity occured. A more simplified approach, based purely
on the distance between profiles, was also implemented. Two distinct clustering
methods identified the exact same 5 subgroups in the cohort. To ensure their
robustness, these results were subject to a sensitivity analysis with respect to
the epoch length, smoothing technique and number of functional components
utilised in the clustering.
Other studies have clustered accelerometer data in terms of absolute activity
volume, as in high or low activity groups. However, they do not place too much
value in using the granularity of the data to determine what time of day people
are active. In addition to the high, moderate and low activity subgroups, our
analysis revealed two subgroups which have a propensity to be active in either
the morning or evening. It is suggested that these are indicative of an
individual’s biological rhythm or chronotype. The Mitchelstown cohort was
re-screened 5 years later in 2016, which presents an exciting opportunity to
examine changes in these profiles over time.
ix
Chapter 1 - Introduction
The first chapter of this thesis opens with some context for physical activity
(PA). It describes what PA is and outlines the potential detriments of inactivity.
Different methods of assessing PA and the minimum activity requirements for
health benefits are discussed. This is followed by an introduction to the data
that will be used in this study before concluding with a synopsis of what to
expect in subsequent chapters.
1.1 Context
PA is defined as any bodily movements produced by skeletal muscles that
results in energy expenditure greater than at rest and which is health enhancing
(Caspersen, Powell, & Christenson, 1985; Waxman, 2004). This is a broad
definition and covers all types of activity, including walking, cycling, gardening,
housework, sport, dancing and anything else that requires movement. PA
consists of the following dimensions: frequency (how often the activity occurs);
intensity (how strenuous the activity is); time (how long the activity lasts), and
type (the actual activity type) (Pate et al., 1995).
PA has a major impact on health. Regular PA is the key to getting healthy and
staying healthy. It is recognised that PA is a major independent modifiable risk
factor for chronic diseases, such as coronary heart disease (CHD), type 2
diabetes, stroke, cancer, osteoporosis and depression (D. of Health & Children,
2009; Pate et al., 1995; Yusuf et al., 2004; Eckel, Krauss, et al., 1998). However,
studies (Morgan et al., 2009; Ipsos et al., 2016) show that few Irish people take
part in regular physical activity.
Why are some people more physically active than others? The health benefits of
exercise and being active are clear (D. of Health & Children, 2009; Pate et al.,
1995; Yusuf et al., 2004; Eckel et al., 1998). Understanding the factors that
influence physical activity can aid the design of more effective targeted
interventions (Heath et al., 2012). In these interventions it would be valuable to
know whether characteristic patterns of physical activity are associated with
particular population subgroups.
The unequivocal link between physical activity and health has prompted
researchers and public health officials to search for valid, reliable, and
logistically feasible tools to measure and quantify free-living physical activity.
There is a need for assessing the prevalence of physical activity engagement,
identifying active and inactive segments of the population, and evaluating the
effectiveness of interventions.
The National Guidelines on Physical Activity for Ireland (D. of Health &
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Children, 2009) adopted the World Health Organisation’s (WHO) global
recommendations on physical activity for health. These guidelines emphasise
the importance of PA and outline the recommendations for PA for people of all
ages. They establish a national consensus for appropriate levels of PA to
enhance health. "The key message is that physical activity is for everyone, and
any level of activity is better for your health than none" (WHO).
Specifically it states that adults aged 18 - 64 years, should engage in moderate
active for at least 30 minutes a day on any 5 days of a week (or 150 minutes per
week). To follow this guideline, an interpretation as to what constitutes
moderate activity is required. Broadly speaking it can be thought of as activity
that increases your breathing and heart rate, but you are still able to maintain a
conversation.
While increasing PA benefits everyone in terms of health, there is strong
evidence that the greatest benefits occur when the least active become
moderately active (Nocon et al., 2008). The Healthy Ireland survey (Ipsos et
al., 2016) found that 65% of people in Ireland were aware of these guidelines. It
found that 56% believed they undertook a sufficient level of activity and that
32% actually did. This highlights the need for an accurate and objective
measure of PA. The survey also found that 91% of people who felt that they do
not undertake a sufficient level of activity would like to be more physically
active. This means that 9% are happy with a sedentary lifestyle and are willing
to accept the health risks of inactivity.
There is no gold standard for measuring PA (Welk, 2002), as no single
instrument is able to record cardioresporatory characterisitcs and behavioural
response during PA. Activity can be measured in metabolic equivalents, or
METs (Ainsworth et al., 2000). METs relates to the rate of the body’s oxygen
uptake for a given activity as a multiple of the resting volume of oxygen
consumption. One MET is defined as the amount of oxygen consumed while
sitting at rest. It is the ratio of work metabolic rate to a resting (basal)
metabolic rate. Basal metabolic rate (BMR) refers to the number of calories a
body burns each day to stay alive. It is the energy required by someone to
perform the basic functions like breathing and the circulating of blood. BMR
does not include physical activity, the process of digestion, or things like
walking from one room to another. It is the number of calories someone would
expend in a 24 hour period if all they did were lie in bed all day long.
Every activity has a MET value which calculates the energy required for that
activity. One MET is the energy expended while at rest, like sitting quietly or
sleeping. Specifically sedentary behaviour refers to any waking activity
characterised by an energy expenditure <1.5 METs (Bames et al., 2012). This
usually refers to any time someone is sitting or lying down, such as watching
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TV, driving, computer use or reading. A two MET activity expends twice the
amount of energy per minute than at rest. If a person does a two MET activity
for 30 minutes, he/she has done 60 MET-minutes. Pate et al. (1995) proposed a
model for classifying the MET intensity of physical activities, which is still used




Light 1.5 - 3
Moderate 3-6
Vigorous >6
Table 1.1: MET intensity classifications
Knowing these cut points allows different activities to be quantified in terms
of their MET equivalents. Examples of activities for each of the sub groups
sedentary, light, moderate and vigourous are presented in Table 1.2.
Sedentary Light Moderate Vigourous
Sitting Slow walk Brisk walk Jogging
Watching TV Cooking Mowing the lawn Shovelling
Driving Washing the dishes Light bicycling Fast bicycling
Computer use Playing most instruments Tennis doubles Tennis singles
Table 1.2: Examples of sedentary, light, moderate and vigourous activities
Moderate activity is defined as 3 - 6 METs, they are activities that generate
enough movement to burn off 3 to 6 times as much energy per minute than
while at rest.
To get accurate measurements of METs, it would be necessary to measure an
individual’s oxygen consumption using a portable metabolic system. These are
not readily available, therefore simpler, alternative methods such as
questionnaires or accelerometers are used to give an estimate or proxy.
While a lack of PA is a prominent risk factor for diseases, research however is
often hindered by the challenge of employing a valid, reliable measure that
addresses the research question (Sylvia, Bernstein, Hubbard, Keating, &
Anderson, 2014). Questionnaires are the most common method of PA
assessment (Castillo-Retamal & Hinckson, 2011; Lagerros & Lagiou, 2007).
They are cost effective, easy to administer and are useful for determining
discrete categories of activity level (e.g., low, moderate, high). They are,
however, subjective and less robust in measuring light or moderate activity
(Jacobs, Ainsworth, Hartman, & Leon, 1993). They are also known to correlate
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poorly with actual activity levels, often overestimating them (Matthews &
Freedson, 1995; Coleman, Saelens, Wiedrich-Smith, Finn, & Epstein, 1997).
This means that it is difficult to assess whether or not an individual meets the
recommend guidelines for activity.
One example of a PA questionnaires, is the International Physical Activity
Questionnaire (IPAQ) (Hagströmer, Oja, & Sjöström, 2006), which is a
self-reported questionnaire that asks you about your activity in the last 7 days.
It measures the duration and frequency of PA in the following domains:
• Job-related
• Transportation
• Housework, house maintenance, caring for family
• Leisure time, recreation and sport
• Time spent sitting
Minutes spent in each activity are multiplied by the MET equivalent and
summed, in order to calculate an individual’s MET-minutes. If this is within
the 500 to 1000 range guideline, then the person is deemed to be active enough
to have met the PA guidelines. These MET equivalents are sourced from the
Compendium of Physical Activity (Ainsworth et al., 2000), which provides a full
list of activities and their MET equivalents. This is a coding scheme that
classifies specific PA by rate of energy expenditure. The guidelines stated
previously, 30 minutes per day for any 5 days in a week, have an equivalent
MET-minutes target of 500 to 1000. Total weekly activity should be in the
range of 500 to 1000 MET-minutes of moderate to vigourous activity to produce
substantial health benefits (U. D. of Health, Services, et al., 2018).
Another method for PA assessment are accelerometers, which have gained in
popularity given their accuracy, objectivity and ability to capture large amounts
of data. They are motion sensors that detect accelerations produced by the
human body. Given that acceleration is defined as the rate of change in velocity,
the frequency, intensity and duration of PA can be assessed through body
movement. Within an accelerometer are transmitters that are stressed by
acceleration forces, which leads to an electrical signal being produced that is
converted to provide an indication of movement (Welk, 2002).
Tramsmittors measure acceleration in real time and can detect movement in up
to three orthogonal planes. Devices can be worn in numerous places on the
body, including the wrist and hip. These different body placement positions
result in different signal patterns and accuracies (Kangas, Konttila, Winblad, &
Jamsa, 2007), further complicating comparisons between studies. It is been
4
found that PA estimates can vary by as much as 41% across wear locations
(Kerr et al., 2017). Asking subjects to wear the accelerometers on the wrist
instead of the hip leads to increased wear time (Mannini, Intille, Rosenberger,
Sabatini, & Haskell, 2013). How to calculate the individual’s wear time will be
discussed in section 1.2.
Current research-grade accelerometers allow investigators to apply various
methods to convert raw acceleration data to PA metrics, such as time spent in
various intensity categories (Matthew, 2005). Equivalent cut off points, specific
to the brand of accelerometer, can be used to group PA into sedentary, light,
moderate and vigorous sub bands. This is explained further in section 1.2 along
with an introduction to the data that will be used in this study, which includes
accelerometer data.
1.2 Data
The original Cork and Kerry Diabetes and Heart Disease Study - Phase 1, was
undertaken in 1998, and the cohort was recruited from across 17 different general
practices in Cork and Kerry (Perry et al., 2002). Phase 2 began in 2008 and a new
cohort of 2047 men and women, aged 50 to 69 years, was recruited from a single
large primary care centre, the Livinghealth Clinic, in Mitchelstown (Kearney,
Harrington, Mc Carthy, Fitzgerald, & Perry, 2012). This primary care centre
includes 8 general practitioners and serves a catchment area of approximately
20,000 with a mix of urban and rural residents. At baseline, this new cohort
completed both a questionnaire and physical assessment during the study period
which ran between April 2010 and May 2011. This study will focus on data from
this Mitchelstown cohort, a breakdown of which can be found in Table 1.3.
Demographic characteristics Men (%) Women (%) Total (%)
Age
50-54 years 249 (25.1) 261 (25.6) 510 (25.4)
55-59 years 285 (28.8) 272 (26.7) 557 (27.7)
60-64 years 260 (26.2) 289 (28.4) 549 (27.3)
65-69 years 197 (19.9) 196 (19.2) 393 (19.6)
Total 991 1018 2009
Table 1.3: Mitchelstown cohort
As can be seen from Table 1.3, 2009 individuals are retained for analysis rather
than the original 2047. This is due to the exclusion of 2 individuals under 50
years of age, and 36 over the age of 70. Table 1.3 illustrates that the ages for
this cohort are close to uniformly distributed between 50 and 70. In addition
to age, marital status, education and other participant characteristics were also
recorded. Among others, these included:
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• Body Mass Index (BMI) - A person’s weight (kg) divided by their height
in metres squared. For the classifications, normal is less than 25 kg/m2,
overweight between 25 and 30 kg/m2, and obese is greater than 30 kg/m2
(Organization, 2000).
• Smoking status - 3 classifications were used; never smoked, former smoker
and current smoker.
• Psychological well being - The Center for Epidemiologic Studies Depression
(CES-D) scale (Radloff, 1977) was used to determine whether a person was
depressed and to what extent.
An objective measurement of PA was introduced into the study in January 2011.
A subsample of the participants (745) in the Mitchelstown cohort were asked to
wear a tri-axial GeneActiv accelerometer, as shown in Figure 1.1, on their wrist
in a free-living environment for a week.
Figure 1.1: Tri-axial GeneActiv accelerometer
Of the 745 who were asked, 475 agreed to wear the accelerometer (44.6% males,
mean aged 59.6 years (SD=5.5)). Only 745 people out of the full cohort were asked
as the accelerometers were introduced late in the study. The accelerometers are
waterproof and can be worn 24 hours a day. It was set to record at 100Hz, or
100 readings per second. Each measurement gave the acceleration along the x, y
and z axis. A snapshot of this raw data is shown in Table 1.4. The table shows
ten readings, corresponding to a tenth of a second.
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Time x y z
10:25:03:600 0.79 0.23 -0.42
10:25:03:610 1.13 0.28 -0.35
10:25:03:620 1.91 0.29 -0.34
10:25:03:630 3.1 0.12 -0.44
10:25:03:640 3.96 -0.34 -0.53
10:25:03:650 4.1 -0.9 -0.62
10:25:03:660 4.02 -1.49 -0.58
10:25:03:670 3.94 -1.89 -0.62
10:25:03:680 3.79 -1.99 -0.75
10:25:03:690 3.36 -1.94 -0.65
Table 1.4: Raw accelerometer data
As part of the data processing, wear and non-wear time needed to be
determined. If a participant had less than 10 hours of wear time activity on any
given day, they were excluded from the study. This was done using a procedure
identified by Van Hees et al. (2011). Non-wear time was calculated for each
accelerometer axis on the basis of the standard deviation and the value range,
for successive 30 minute blocks. If the standard deviation was below a certain
threshold, the block was categorised as non-wear. From the 475 who agreed, 397
had valid accelerometer data.
The Euclidean norm of the acceleration in x, y, and z axes was calculated to
turn this raw data into a metric for activity. In order to separate out the
activity related component of the acceleration signal, one gravitational unit was
subtracted from the vector magnitude. This produced a gravity adjusted signal
magnitude vector (SVMgs), which will be used as our measure of activity. This





x2 + y2 + z2)− 1 (1.1)
where x, y and z are in units of gravity. The reason for subtracting 1 here, is
that when the accelerometer is static and the earth’s gravitational pull is the
only acceleration, this result will be zero. SVMgs is calculated for every
measurement. For each individual, 100 measurements per second for a week,
results in approximately 60 million measurements. To make this more
manageable, these SVMgs calculations are collapsed over a specific time interval
or epoch. In this study, 1 minute epochs will be considered. For a single
individual this corresponds to 1440 measurements per day, or 10080 for a week.
To give an idea of these activity patterns, the first individual in the cohort (ID:
8) is chosen as an example. The collapsed 1 minute activity epochs is plotted
against the day of the week, and is shown in Figure 1.2. The labels on the
x-axis are at the midday point for each day.
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Figure 1.2: Collapsed 1 minute data for ID: 8
The cyclical pattern seen in Figure 1.2 corresponds to the individual’s sleep/wake
cycle. They are active during the day and relatively inactive in the evenings
while they are asleep. Each epoch can be categorised according to intensity,
based on validated cut off points, in terms of SVMgs, for this particular brand
of accelerometer (Dillon et al., 2016). These labels are the same as for METs,
which are sedentary, light, moderate and vigorous. The cut off points are given
in Table 1.5.
Intensity Cut points (SVMgs)
Sedentary <700
Light 700 - 1087
Moderate 1088 - 2180
Vigorous >2180
Table 1.5: Accelerometer cut points
If these limits are applied to the example individual (ID: 8), Figure 1.2, the
time spent in the different intensity categories can be visualised. This is shown in
Figure 1.3. Essentially, a cut point applied to the data assumes that an epoch that
scores higher than this value is indicative that the individual has been vigorously
active, for example, for the duration of that epoch.
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Figure 1.3: Stratified data for ID: 8 by intensity category
This particular individual spent the majority of time (8169 minutes) in the
sedentary category and 8 minutes in the vigorous intensity category over the
course of the week. They also spent 1293 minutes in the light category and 610
in moderate. Using the guidelines of 500 - 1000 MET minutes of moderate to
vigorous activity, then this individual has met the guidelines for this week.
Measures such as these fail to take advantage of the longitudinal nature of the
data.
Rather than trying to emulate what other studies (Trost, Kerr, Ward, & Pate,
2001; Tucker, Welk, & Beyler, 2011; Troiano et al., 2008) have done by trying to
convert the accelerometer readings into their MET equivalents, this study will
attempt to leverage the longitudinal nature which is neglected in these
summary methods. To get an estimate for the daily circadian activity profile,
each epoch was then averaged over 5 days, Monday to Friday. The weekend
data was not included to avoid introducing variation between weekday and
weekend activity patterns. For this cohort, it was previously discovered that
sedentary and light activity differ on Sunday compared to the rest of the week
(Dillon et al., 2016). The PA profile for the example individual, ID: 8, in 1
minute epochs is shown in Figure 1.4.
Figure 1.4: Aggregated weekday activity for ID: 8
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The period from midnight to 8 a.m. has consistently low PA in this example
and so could be interpreted as this individual being asleep. There are 1440 data
points for this individual, and the resulting daily activity profiles are irregular
functional data characterised by many peaks representing short bursts of intense
activity. As self-reported measures have been shown to be unreliable (Washburn
& Montoye, 1986), systems for objective activity profiling can play an important
role in epidemiological studies. These systems can also be used to assess the
effectiveness of different interventions aimed at increasing physical activity in
individuals.
Some current approaches to analyse data such as this are based on simple
summaries. For example, 30 minute averages (Cradock et al., 2004), average
daily activity level (Talbot, Gaines, Huynh, & Metter, 2003), or the proportion
of time spent above specific cut off levels that correspond to low, moderate and
vigorous activity (Abbott & Davies, 2004). These summaries have their
limitations as they do not make full use of the rich information contained in the
functional data. They do not account for time of day variability and conclusions
drawn from the arbitrary choice of 30 minute intervals may be sensitive to the
choice of endpoints for these intervals.
In a study by Lee, Yu, McDowell, Leung, & Lam (2013), accelerometer data was
collected during 2009 to 2011 for 1714 participants in Hong Kong. Two clusters
were identified, one more active than the other. The active had a routine PA
pattern on weekdays and a more varied pattern on weekends. The less active
cluster had consistently low PA patterns on both weekdays and weekends. The
conclusions of the study suggest that potential interventions to promote PA
would be most effective in targeting those who are sedentary at weekends,
suggesting free weekend PA programmes.
A study by Staudenmayer, Pober, Crouter, Bassett, & Freedson (2009) used
cluster analysis to identify physical activity type from accelerometer data.
Clustering the accelerometer signals determined four categories: 1) very low
mean signals (low level of activity); 2) rhythmic and repeatable signals
(locomotion); 3) less rhythmic and lower mean signals (household
activities/other); and 4) high variability and high mean signals (vigorous
sports). Based on a reading of the literature, it is foreseeable that subgroups
will exist within the cohort.
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1.3 Aims
The aim of this study is to identify subgroups in the cohort based solely on
their activity profiles. An effort will be made to then characterise the
individuals in each group.
Methods that model these activity profiles in their entirety have the possibility
of extracting more information than summary approaches. Functional data
analysis (FDA) is a general name for approaches that consider the functional
profiles rather than a collection of data points (Ramsay & Silverman, 2007).
The irregularity of accelerometer profiles, as seen in Figure 1.4, makes modelling
in this way challenging. Data smoothing can be used to allow important
patterns to stand out and reveal the underlying functional nature of the data.
Many different smoothing techniques are employed in studies involving
functional data analysis (Ullah & Finch, 2013). A subset of these techniques
will be reviewed in Chapter 2.
Selected methods from this discussion will then be applied to the data from the
Mitchelstown Cohort, who wore the accelerometers, in order to determine the
optimal smoothing solution. They will be used to explore patterns in the
activity level profiles. Chapter 3 will then explore clustering methods in order
to identify subgroups or sub-profiles within the cohort based on these activity
profiles. Clustering is a classification technique and its goal is to discover the
natural groupings of a set of patterns, or in this case, profiles. Those within
each cluster are more closely related to one another than those assigned to
different clusters.
Chapter 4 will explore the dominant patterns in the data through Functional
Principal Component Analysis (FPCA). The output from this analysis will
again be used to perform cluster analysis. The results of this will be compared
and contrasted to the previous method.
Chapter 5 will investigate the benefits and drawbacks to the way the data has
been collapsed and aggregated. Can you tell activity patterns averaging over 5
days or are they lost? Would the groupings be different? The statistical
techniques used will also be analysed. The sensitivity to the number of principal
components used will be considered, as well as the choice of smoothing
technique prior to the derivation of the principal components.
Chapter 6 will then provide an overall discussion. It will outline the findings,
their context and limitations before providing the implications and conclusions.
The data manipulation and analysis performed throughout this thesis was
implemented mostly using the Python programming language (Rossum, 1995).
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The following Python libraries were utilised:
• Scikit-learn (Pedregosa et al., 2011). This package consists of tools for data
mining and analysis, as well as algorithms for classification, regression and
clustering.
• Scipy (Jones, Oliphant, & Peterson, 2014). Used for computing such things
as linear algebra, interpolation and optimization.
• Numpy (Van Der Walt, Colbert, & Varoquaux, 2011). Adds support for
manipulation of large, multi-dimensional arrays and matrices, and functions
to operate on these arrays.
• Pandas (McKinney et al., 2010). Offers data structures and operations for
manipulating numerical table structures and time series.
• Matplotlib (Hunter, 2007). Library used for plotting.
In addition to Python, R (Team et al., 2013) was used for the implementation
of functional principal component analysis. This analysis utilised the R package
fdapace (Dai, Hadjipantelis, Ji, Mueller, & Wang, 2017).
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Chapter 2 - Literature Review of Smoothing
Techniques
Data analysis can be broadly classified into two types (Tukey, 1977):
1. Exploratory/Descriptive - The investigator does not have pre-specified
models or hypotheses but wants to understand the general characteristics
or structure of the data.
2. Confirmatory/Inferential - The investigator wants to confirm the validity of
a model/hypothesis given the available data.
The first type is the focus of this chapter, where a number of smoothing
techniques will be discussed followed by the application of some cluster analysis.
One salient feature of functional data is that, although the underlying functions
are often continuous and smooth, data can only be collected discretely, which
often produces measurement errors. Therefore, smoothing is often the first step
in any Functional Data Analysis (FDA), and its purpose is to convert raw
discrete data points into a smoothly varying function (Ullah & Finch, 2013).
Smoothness at its most simple, means there are no corners, or in mathematical
terms the smoothness of a function is a property measured by the number of
derivatives it has that are continuous. It is useful to emphasize any underlying
patterns which may be evident in the data. The choice of smoothing technique
is dependent upon the underlying behaviour of the data being analysed
(Ramsay, 2005).
Smoothing can reduce the dimensionality of the data. This is often a precursor
for clustering techniques, as applying these techniques to the raw observations
does not utilise the underlying functional structure of the data. Given a set of
data-points, such as those in Figure 1.4, a smooth curve that approximates the
points is determined. Smoothing algorithms should be efficient and not overly
sensitive to round-off errors in the computations (Lyche & Morken, 2008).
Smoothing can also be viewed as a time series analysis technique to help filter
out underlying randomness or noise. Filters attempt to find the most likely
signal that generated the series of observations.
For the purposes of this review, polynomial regression, piecewise polynomials,
splines and then B-splines will be examined as a method for implementing a
basis of splines. Finally the topic of wavelets will be discussed. With wavelet
analysis, the original signal is decomposed into a series of coefficients, which
carry both spectral and temporal information of the original signal. A
discussion will follow to highlight the limitations and advantages of these
methods.
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Throughout the review, 1 minute epoch data from a single individual will be
used to illustrate the various models. For the fitting of curves, a least squares
approach will be used.
2.1 Polynomial Regression
Regression (Draper & Smith, 2014; Weisberg, 2005) is a way to describe the
relationship between an dependent variable and one or more independent input
variables. It answers questions about the dependence of a response variable on one
or more predictors, including prediction of future values of a response, discovering
which predictors are important, and estimating the impact of changing a predictor
or a treatment on the value of the response (Weisberg, 2005). The simplest form
of regression is linear, where a line is fitted to a set of data points. It describes an
unchanging relationship between two phenomena. Mathematically, the line can
be expressed as (Weisberg, 2005):
Y = β0 + β1X + ε (2.1)
where X is the independent input variable, Y is the dependent output variable
and ε is the error term. The belief is that Y depends on X. β0 is the intercept,
the value of Y when X is zero. β1 is the slope of the line, which characterises
the relationship between the input and output. It is assumed that the error
terms are independent and identically distributed with an expected value of zero
and constant variance σ2. For the remainder of this chapter, this error term is
assumed to exist and will not be explicitly stated in equations. If there is more
than one input variable which can be used to determine the output, then the
linear expression (2.1) can be extended as follows:
Y = β0 + β1X1 + β2X2 (2.2)
The relationship may not always be linear, and so in polynomial regression
(Draper & Smith, 2014; Weisberg, 2005) the model is extended by including
higher order terms. More formally polynomial regression can be defined as
follows: A form of regression analysis in which the relationship between the
independent variable X and the dependent variable Y is modelled as an nth
degree polynomial in x. A polynomial of degree D is a function formed by the
linear combination of the powers of its argument up to D (Rawlings, Pantula, &
Dickey, 2001):
Y = β0 + β1X + β2X
2 + ...+ βDX
D (2.3)
This equation is for a single independent input variable, with various transforms
applied.
These functions are defined globally, meaning that they apply across the full
range of data. If the data has high variance, the function will be complex even
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if some part of the data is constant or linear. To demonstrate how well
polynomial regression can be used to represent the data, 1st, 3rd, 5th and 7th
degree polynomials are fit to the data in Figure 2.1.
Figure 2.1: Polynomials with increasing degree: (a) 1st, (b) 3rd, (c) 5th, (d) 7th
As evident from Figure 2.1(a), the relationship is not linear. Increasing the
order of the polynomials gets closer to describing the underlying nature of the
data. Figure 2.1(b), while not fitting the data very well, still captures the
intrinsic property that people are less active in the morning, increase activity
during the day before decreasing again in the evening.
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It is helpful to have a way to describe variability when discussing different
models or smoothing techniques, so that these models can be compared when
the complexity increases or when restrictions are placed (Friedman, Hastie, &
Tibshirani, 2001). The number of degrees of freedom is the number of values in
a calculation that can vary. In other words, it is the number of independent
ways in which a dynamic system can move, without violating any constraint
imposed upon it. So the linear model will have two degrees of freedom, as the
intercept and slope can be varied to generate any line.
Polynomial regression has a number of benefits and limitations (Chambers,
2017). The benefits are its flexibility and interpretability, it is easy to
understand and explain. However the coefficients themselves may not be easy to
interpret. It also provides a good approximation. Typically the first tool used in
data analysis to get a sense of any patterns in the data.
Limitations include under-fitting. The linear model in Figure 2.1(a) has
under-fit the data. To overcome under-fitting, we need to increase the
complexity of the model. This increases the number of features which can be
difficult to handle. The polynomial with order 7 in Figure 2.1(d) still does not
give a good approximation of the sample data. To get a better fit we need to
increase the complexity of the model, namely by increasing the order of
polynomial used, which could lead to over-fitting. Higher order polynomials
should be avoided in regression as results based on high order polynomials are
sensitive to the order of the polynomial (Gelman & Imbens, 2018). It is also
inherently non-local. Changing the value of Y at one point can affect the fit of
the polynomial for data points far away. To avoid the use of high degree
polynomials on the whole dataset and to avoid their global nature, we can
substitute in many small degree polynomials.
2.2 Piecewise Polynomials
Piecewise polynomials (Draper & Smith, 2014; Weisberg, 2005; Friedman et al.,
2001) work by separating the data into different regions and then defining a
different polynomial per region. Formally, a piecewise polynomial function,
f(X), is obtained by dividing the domain of X into contiguous intervals, and
representing f by a separate polynomial in each interval (Friedman et al., 2001).
The most simple of which is piecewise constant, or a polynomial with order zero.
The points of separation are known as knots. The knots cut the data into
intervals or regions. These knots can be selected a priori, or we can allow the
data to dictate. To illustrate, piecewise polynomials with ascending orders were
fitted with two knots selected a priori, as seen shown in Figure 2.2. In this
example the knots were placed uniformly.
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Figure 2.2: Piecewise polynomials with two knots and orders; (a) Zero, (b) One, (c)
Two, (d) Three
The knots placed at 8a.m. and 4p.m. are represented by dashed vertical lines in
Figure 2.2. Using more knots leads to a more flexible piecewise polynomial. As
we use different functions in every interval, these functions will depend only on
the distribution of data in that particular interval. The number of degrees of
freedom (DoF) here, which do not have any constraints, can be calculated by:
DoF = (Number of regions) x (Number of parameters per region)
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For example, a piecewise linear polynomial with two knots, will have six degrees
of freedom.
The flaw with the implementation in Figure 2.2 is the discontinuities at the
knots. This means that for a given input value, there are multiple outputs. A
well-defined function associates one, and only one, output to any particular
input so ideally every input should generate a unique output. The first
constraint we can then place on this system is for it to be continuous at the
knots. Doing this removes the ambiguity of the output value. Placing this
constraint means that the function will have a unique output for every input,
and generates graphs like those seen in Figure 2.3.
Figure 2.3: Piecewise continuous polynomials with one knot and increasing orders.
(a) One, (b) Two, (c) Three
In this illustration one knot was selected a priori and polynomials of orders one,
two and three were used. Continuing the example of a piecewise linear with two
knots, we now have four degrees of freedom, as there is a constraint now on each
of the knots. The calculation can then be extended to factor this is (Friedman
et al., 2001):
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DoF = ((Number of regions) x (Number of parameters per region)) - ((Number
of knots) x (Number of constraints per knot))
Again these illustrations leave much to be desired, smoothness of the knots is
still absent. To achieve this we need to add another constraint. Namely that the
first derivative, i.e. the rate of change, of both polynomials either side of the
knot must be the same. To illustrate the effect of this constraint, piecewise
continuous linear polynomials for a single knot, with and without a continuous
1st derivatives are shown in Figure 2.4 .
Figure 2.4: Piecewise continuous linear polynomials for one knot, (a) without
continuous 1st derivative, (b) with continuous 1st derivative
Figure 2.4(b) is the same as performing linear regression, as the rate of change
is constant throughout. A quick check of the parameter count confirms this:
DoF = ((2 regions) x (2 parameters per region)) - ((1 knot) x (2 constraints per
knot)) = 2
This illustrates another point that to enjoy the benefits of constraining
continuity at the knots, higher order polynomials are needed so that restrictions
on the derivatives can be introduced. To achieve further smoothness another
constraint can be imposed such that the 2nd derivative, or the rate of change of
the rate of change, is also continuous. This does not make any sense in the
context of linear piecewise polynomials, since the 2nd derivative does not exist,
but for higher order polynomials the benefits can be seen.
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Piecewise polynomials have addressed the limitation of polynomial regression
being non-local but continuity then becomes an issue. This brings us to the
topic of splines. The continuity in all of their lower order derivatives is what
makes splines very smooth. It is claimed that cubic splines are the lowest-order
spline for which the knot discontinuity is not visible to the human eye
(Friedman et al., 2001).
2.3 Splines
A spline (Friedman et al., 2001; Wasserman, 2007) is a special piecewise
polynomial. It consists of polynomial pieces on subintervals joined together with
certain continuity conditions. An M th order spline is a piecewise M − 1
polynomial with M − 2 continuous derivatives at the knots (Wasserman, 2007).
A linear spline is a continuous function formed by connecting linear segments.
At its most simple, with first degree polynomials and the number of knots equal
to the number of data points, a linear spline is the same as simple interpolation.
Quadratic splines would have continuous 1st derivative, cubic splines would have
continuous 1st and 2nd derivatives (or twice continuously differentiable) and so
on. There is seldom any reason to go beyond cubic splines unless smooth
derivatives are of interest (Friedman et al., 2001). This property is often of
interest when dealing with mathematical problems of convexity and
convergence.
A cubic spline is a piecewise polynomial with a set of extra constraints. Namely
continuity, continuity of the first derivative and continuity of the second
derivative. Generally, a cubic spline with K knots will have a total of 4+K
degrees of freedom (Friedman et al., 2001). For example, a cubic spline with 4
knots:
DoF= ((5 regions) x (4 parameters per region)) - ((4 knots) x (3 constraints per
knot)) = 8
Knots are usually chosen in uniform space (De Boor, De Boor, Mathématicien,
De Boor, & De Boor, 1978). One way to do this is to specify the desired degrees
of freedom and then calculate where to place the knots at uniform quantiles of
the data. Another option is to try out different numbers of knots and see which
produces the best representation. To illustrate the effect of different knot
sequences, cubic polynomials with an increasing number of uniformly
distributed knots are fitted in Figure 2.5.
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Figure 2.5: Cubic splines with uniformly distributed knots. (a) Two, (b) Three, (c)
Four, (d) Five
The dashed vertical lines in Figure 2.5 again represent where the knots are placed.
As the number of knots used increases, the curve appears to encapsulate more
nuances of the data. Another potential solution for knot placement would be
times in which there is high variability. At these times the polynomial coefficients
can change rapidly. Hence, one option is to place more knots where the function
might vary most rapidly, and to place fewer knots where it seems more stable.
There appears to be little activity in the morning so fewer knots will be placed
here, whereas in the middle of the day the activity seems to fluctuate so more
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knots will be placed here, this is illustrated in Figure 2.6.
Figure 2.6: Cubic splines with knots at times of high variability
Eight knots were chosen manually, these are represented by dashed vertical lines
in Figure 2.6 and the times at which they were placed are marked on the x-axis.
The shape of a spline can be controlled by carefully choosing the number of
knots and their exact locations in order to allow flexibility where the trend
changes quickly. Figure 2.6 illustrates that placing knots where there is high
variability generates a better representation of the data. It also allows us to
avoid over-fitting where the trend changes little, as evident in the morning
period in Figure 2.6.
Polynomial fit tends to be erratic near the boundaries. This issue is evident for
polynomials, and becomes even more erratic when dealing with piecewise
polynomials and splines. They behave erratically beyond their boundary knot
points, and (typically) grow without bound outside of that range (Friedman et
al., 2001). This instability makes extrapolation dangerous. To highlight this
issue the cubic splines fitted in Figure 2.5, have been extrapolated beyond their
boundaries, and are shown in Figure 2.7.
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Figure 2.7: Cubic splines extrapolated beyond their boundaries with uniformly
distributed knots. (a) Two, (b) Three, (c) Four, (d) Five
For example, after the right most data point in Figure 2.7(b) the function
decreases below zero, which does not make sense in the context of activity. To
address this issue a lower-degree polynomial can be used beyond the boundary
knots. A spline that is linear beyond the boundary knots is called a natural
spline (Wasserman, 2007). This adds additional constraints, namely that the
function is linear beyond the boundary knots. This frees up four degrees of
freedom (two from each boundary region), which can be spent more profitably
by sprinkling more knots in the inner regions.
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To capture non-linearity in regression models, we need to transform the input
variables. A general family of transformations can be applied (Wasserman,
2013), that should be flexible enough to adapt to a wide variety of shapes, but
not too flexible as to over-fit. This concept of a family of transformations is
known as a basis of functions. Instead of fitting a linear function of powers of X,
we fit the below model:
yi = β0 + β1h1(xi) + β2h2(xi) + ...+ βKhK(xi) (2.4)
where hK are the set of basis functions.
Representing the problem like this reduces it to finding the parameters
β0, β1, ..., βK . For linear regression, in this representation h1(x) = x. Then in
the general sense for polynomial regressions the choice of basis is to set
hi(x) = x
i for i=1, 2, ..., D. By writing in this fashion the transformations are
no longer limited to be of polynomial nature. Every spline can be represented
by bases like these.
2.4 B-Spline
A basis for the set of natural splines that is particularly well suited for
computation is the B-spline basis (Wasserman, 2007). B-spline curves are
composed from many polynomial pieces, with the domain again subdivided by
knots. Each B-spline basis function is non-zero on a few adjacent subintervals.
To begin with, functions are defined piecewise constant:
Bi,1(x) =
{
1 τi ≤ x < τi+1
0 otherwise
where Bi,m(x) denotes the ith B-spline basis function of order m for the knot
sequence τ (Friedman et al., 2001).
For example, take a knot sequence of (00:00, 08:00, 16:00, 24:00) with the
boundaries at [00:00, 24:00]. The basis functions are defined as:
B1,1(x) =
{








1 16 : 00 ≤ x < 24 : 00
0 otherwise
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These functions are displayed in Figure 2.8.
Figure 2.8: Basis functions for a B-spline with order 1
These are also known as Haar basis functions (Friedman et al., 2001). The B-
splines should form a partition of unity, i.e.,∑
i
Bi,1(x) = 1,∀x (2.5)
This constraint is necessary so that the basis functions are able to span the
entire space (Ohtake, Belyaev, Alexa, Turk, & Seidel, 2003). The four knots
(two boundary and two interior) create three intervals with a function defined
for each.








where the Bi,m are called the ith B-Spline basis functions of order m, and the
recurrence relation is called the De Boor recurrence relation (De Boor et al.,








This equation is now defined over two of the subintervals described by the
knots. Figure 2.9(a) shows these basis functions. These functions, however, no
longer form a partition of unity. To fix this, the knot sequence is augmented
with additional knots at the boundaries.
The new sequence becomes (00:00, 00:00, 08:00, 16:00, 24:00, 24:00) and
Equation 2.6) can be used to generate the basis functions shown in Figure
2.9(b).
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Figure 2.9: Basis functions for a B-spline with order 2. (a) without augmented knots,
(b) with augmented knots
Extending this logic further with more augmentations and iterations we can
generate the basis functions for quadratic and cubic B-splines, as shown in
Figure 2.10.
Figure 2.10: Basis functions for a B-spline with orders: (a) 3, (b) 4
With the basis functions now defined, a B-spline can then be defined as a linear
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combination of these (Friedman et al., 2001). A B-spline of degree n (of spline
order m = n + 1) is a parametric curve composed of a linear combination of basis




βiBi,n(x), x ∈ [τ0, τN+1] (2.8)
where βi are the coefficients of the linear combination and N is the number of
interior knots.
An alternative approach to consider would be wavelets.
2.5 Wavelets
Wavelets (Strang & Nguyen, 1996; Walnut, 2013) are basis functions that can be
used to represent other functions. At their most simple, wavelets are like mini
waves. They wave above and below the x-axis and integrate to zero. Unlike sine
or cosine which continue forever, wavelets are a short burst of waves that quickly
die away. Another way to describe this is that the wavelet has compact support,
meaning that the signal does not last forever, or that the function is non-zero
on a limited portion of its domain. Sines and cosines are by their definition not
local and therefore do a poor job at approximating sharp spikes (Graps, 1995).
Wavelets come in many different forms and are used as the basis functions in a
wavelet transform, examples of wavelets can be seen in Figure 2.11.
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Figure 2.11: Wavelet examples (a) Haar, (b) Mexican hat, (c) Symmlet, (d)
Daubechies
Functions can be approximated by scaling and shifting these wavelets. The Haar
mother wavelet is defined by (Walnut, 2013):
ϕ(x) =
{




≤ x ≤ 1
Once ϕ is fixed, translations and dilations can be formed as follows. For





The function ϕj,k has the same shape ϕ but it has been rescaled by a factor of
2
j
2 and shifted by a factor of k (Wasserman, 2013). Therefore all the wavelets
are generated from a single basic wavelet, the mother wavelet. To illustrate these
shifts (translations) and scales (dilations), the first 3 scales are shown in Figure
2.12. At each scale the wavelets are packed in side by side to completely fill the
time axis, i.e. all translations at each scale are shown.
Figure 2.12: Select translations and dilations of the Haar wavelet family
Wavelet transforms typically use a complete orthonormal (they are both
orthogonal and normalized) basis to represent functions, but then shrink the
coefficients toward a sparse representation (Friedman et al., 2001). Two
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functions are said to be orthogonal if their inner product is zero. Put simply
this means that the area above and below the x-axis are the same. For example,
ϕ1,0 and ϕ1,1 in Figure 2.13 are orthogonal. Normalized typically means that it
is of unit length. The constant that makes the orthogonal basis orthonormal is
2
j
2 in Equation (2.9).
Figure 2.13: Orthogonality example
The large scales at the top of Figure 2.12 can be used to define the bigger
picture, whereas the small scales show the details. Wavelet algorithms process
data at different scales. If we look at data with a large window, we would notice
gross features. Similarly, if we look at data with a small window we would
notice small features. The result in wavelet analysis is to see both the forest
(gross) and the trees (small) (Graps, 1995).
The set of all ϕj,k, however, does not form a complete basis to define any
function in this space. Every time we scale a wavelet by a factor of two, the
bandwidth is halved, which means that an infinite number of wavelets would be
required to span the whole space. To span our data domain at different
resolutions, the mother wavelet is used in a scaling equation. This scaling
function, φ(x), is also known as the father wavelet (Friedman et al., 2001). The
Haar father wavelet is defined by (Walnut, 2013):
φ(x) =
{
1 0 ≤ x < 1
0 otherwise
This father wavelet too can be scaled and translated, and so combined with the
dilations of the mother wavelet to form the orthonormal basis for a Haar wavelet
transform. This father wavelet is shown in Figure 2.14.
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Figure 2.14: Haar father wavelet
Translations and dilations can also be taken of this father wavelet, similarly to




Wavelet methods work by representing a curve as a sum of functions, which are
all scaled and time shifted versions of the mother and father wavelets. While
scaling of the mother wavelet enables frequency resolution, the shifting provides
the time information. Using a combination of the mother and father wavelets, a
curve can be decomposed into distinct components. One such method for doing
this is the Discrete Wavelet Transform (DWT).
The DWT can be interpreted as a filter bank, where the curve is decomposed
into several components each representing a single frequency sub-band of the
original curve. More details of these methods can be found in Strang and
Nguyen (1996). DWT works by extracting multi-scale information from the
sequence. Given two adjacent observations in the sequence, an approximation of
these can be calculated by taking the average, and the degree of difference can
be calculated by simple subtraction. This degree of difference can be thought of
as the detail. By doing these calculations pairwise along the entire sequence, we
can extract the approximations and details in the sequence at different scales
and locations. Multi-scale means that we can then perform these
decompositions again to obtain coarser information, approximations of the
approximations, and the degree of difference in these approximations. Figure
2.15 shows this decomposition tree. This process is repeated to the desired
composition level.
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Figure 2.15: Wavelet decomposition tree
Taking the average, or fitting a constant function between points, is how the Haar
wavelet transform calculates these approximations. Figure 2.16 shows the Haar
wavelet transform fitted to a sequence of data with increasingly coarser scales
and the details removed. Figure 2.16(a) calculates the average of two adjacent
observations, then four, eight and 16. This can be viewed as the bigger picture
(forest) mentioned earlier, and with each iteration we lose more and more detail.
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Figure 2.16: Scale approximations. (a) 1st, (b) 2nd, (c) 3rd, (d) 4th
These can be viewed as linear combinations of dilations of the father wavelet in
Figure 2.14. The mother wavelets are responsible for the details at each level.
The first decomposition of the sequence and the details are shown in Figure 2.17 .
Figure 2.17(c) thresholds the differences with some arbitrary number to highlight
the biggest differences. These are the small features, the trees in the forest.
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Figure 2.17: Haar with details (a) 1st scale approximation, (b) Raw details, (c)
Thresholded details
In general, a wavelet series approximation to a continuous function f(t) is given










where J is the number of scales, and k ranges from 1 to Kj, the number of
coefficients at scale j. The functions φJ,k(t) and ϕj,k(t) are wavelet basis
functions that provide a location-scale decomposition of the observed function.
They are dilations and translations of the father and mother wavelets
respectively. The coefficients cJ,k are the smooth coefficents, or the
approximations. The coefficients dJ,k, ..., d1,k are the detail coefficients and
represent deviations of the function at scale j, where smaller j correspond to
finer scales.
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Wavelets can be used to perform non-parametric regression using the following
procedure:
1. Noisy data is projected into the wavelet domain using the DWT, which
yields the wavelet coefficients dJ,k, ..., d1,k.
2. These coefficients are then thresholded, by setting to zero any coefficients
lower in magnitude than a specified threshold. This provides estimates of
the true wavelet coefficients, which are the coefficients for the true function
if there was no noise.
3. These estimates are then projected back to the data domain using the
Inverse DWT (IDWT), which provides a de-noised non-parametric
estimate of the true function, that retains dominant local features. This
property makes the procedure useful for modelling functions with many
local features like peaks.
A disadvantage of the Haar wavelet is that it is not smooth, but its simplicity
means it is a good example for introducing wavelets. If the curve under
consideration was discontinuous in nature, then Haar wavelets might be useful.
One way we can differentiate between wavelets is by the number of vanishing
moments. The kth moment of a function f is defined as the integral of the





The kth moment vanishes if this integral is zero. A wavelet with a higher
number of vanishing moments is more complex and is better able to accurately
represent a complex signal. The price that is typically paid for more vanishing
moments is a wider support. As the number of vanishing moments increases,
polynomials up to that order will not be identified by the wavelet. For example,
the Haar wavelet has one vanishing moment.
The more vanishing moments in the wavelet, the higher the regularity. Wavelets
with low regularity create jagged representations of the data, see Figure 2.16.
Using wavelets with higher regularity produces smoother representations of the
function.
Daubechies (1992) constructed compactly supported orthogonal wavelets with a
pre-assigned degree of regularity/smoothness. These wavelets are usually
defined by their number of vanishing moments (m). The Haar wavelet is a
special case of the Daubechies, with m = 1. Figure 2.18 illustrates Daubechies
mother and father wavelets with increasing numbers of vanishing moments.
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Figure 2.18: Daubechies mother and father. (a) m=1, (b) m=2, (c) m=4, (d) m=8
Choosing a Daubechies wavelet with four vanishing moments and performing
wavelet decomposition yields the approximations shown in Figure 2.19. These
wavelet transforms are carried out in the same way as the Haar, by computing
approximations and differences. They only differ in how these scaling signals and
wavelets are defined. Daubechies have slightly longer supports, meaning they
produce these approximations and differences using more values from the signal.
When compared to Figure 2.16, these approximations are a lot smoother.
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Figure 2.19: Daubechies-4 DWT with increasing scale approximations. (a) 3rd, (b)
4th, (c) 5th, (d) 6th
Unlike the DWT, the continuous wavelet transform (CWT) can operate at
every scale. The CWT involves convolving a signal with an infinite number of
functions, which are generated from translations and scaling of a specified
mother wavelet function. CWT does not have a father scaling function. The
resulting transform has parameters that vary continuously, meaning the inverse
transform requires an infinite number of coefficients. However, since the curve
under consideration is given in a discrete setting, we do not necessarily need
smoothly varying parameters to reconstruct the signal from the coefficients. A
DWT is sufficient for the curves, hence the CWT will not be considered.
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2.6 Summary
The individual activity profile used for illustrative purposes in this review could
not be represented by a simple parametric structure. Regression splines often
give better results than polynomial regression (Friedman et al., 2001). This is
because, unlike polynomials, which must use a high degree polynomial to
produce flexible fits, splines introduce flexibility by increasing the number of
knots but keep the degree fixed. Generally this approach produces more stable
estimates. The problem is not that more knots are better than fewer knots, it is
that the variables under consideration do not behave like that. Splines are not
well suited for modelling functional data with many local features like peaks
(Morris & Carroll, 2006).
Wavelet bases are chosen to represent data displaying discontinuities and/or
rapid changes in behaviour (Ruppert, Wand, & Carroll, 2009). A wavelet
transform is used to deconstruct the signal into a number of wavelets being
added together. Similar to how a smooth function can be represented by a few
spline basis functions, a mostly flat function can, with a few isolated bumps, be
represented with a few bumpy basis functions. Wavelets are popular as they are
able to represent smooth and/or locally bumpy functions in an efficient way
(Friedman et al., 2001). Wavelets are well-suited for approximating data with
sharp discontinuities.
From an initial exploration of the data, it is evident that these sharp
discontinuities are present and so wavelets would be a good choice of smoothing
method. Additionally, wavelets do not have the problem of knot selection
evident in splines. To compare these methods presented in this chapter
objectively, the predicted values from the smoothing technique can be compared
to the actual observations.
These differences are prediction errors, and can be measured by the vertical
differences between the actual values and the fitted line. The mean square error
(MSE), (Friedman et al., 2001) is an average of the spread of the data around
the fitted line, and reflects how big the typical prediction error is. The MSE was
calculated for selected methods applied to every individual in the cohort and
the minimum, mean and maximum of these values is presented in Table 2.1.
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Polynomial Regression Min MSE Mean MSE Max MSE
Order:1 2627 56519 231715
Order:3 2503 34287 146005
Order:5 2425 29426 132488
Order:7 2299 27166 119842
Cubic Splines
2 Uniform knots 2438 29165 127742
3 Uniform knots 2266 28268 132564
4 Uniform knots 2296 26698 121957
5 Uniform knots 2238 25926 116510
11 Uniform knots 2051 21354 93165
23 Uniform knots 1923 16808 66879
Wavelets
Level: 4
haar 1261 11110 39394
db4 1200 10070 35760
db8 1406 10044 37475
Level: 5
haar 1714 14750 56515
db4 1764 13394 53252
db8 1752 13303 49734
Level: 6
haar 1891 19134 85397
db4 1922 17431 67107
db8 1927 17309 71223
Table 2.1: MSE for smoothing techniques
As suspected when applied to an individual, linear regression has the worst
performance for the cohort. Using this metric, wavelets has outperformed the
other methods, except for the cubic spline with 23 uniform knots (i.e. placed
every hour) which has similar performance.
The main challenge in using wavelet transforms is to select the optimum mother
wavelet for the given tasks, as different mother wavelets applied to the same
signal may produce different results (Ngui, Leong, Hee, & Abdelrhman, 2013).
Mother wavelets are characterised by properties including orthogonality,
compact support, symmetry and the number of vanishing moments. These
properties are considered when selecting the optimum mother wavelet to use;
however, more than one mother wavelet with the same properties often exists.
In this case, the similarity between the signal and the wavelet could be
considered.
Figure 2.20 shows a comparison between Daubechies wavelets with four and
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eight vanishing moments (see Figure 2.18 for the mother wavelets).
Figure 2.20: 6th scale Daubechies - 4 and 8 WT
Visual inspection suggests that there is not much difference between the
Daubechies-4 and Daubechies-8 mother wavelets to use. Daubechies-4 has fewer
vanishing moments, and therefore more compact support. Therefore, this
wavelet will be chosen for use in the next chapter which will utilise cluster
analysis to identify subgroups within the cohort.
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Chapter 3 - Cluster Analysis
Cluster analysis (Jain & Dubes, 1988; Hair et al., 2006) groups objects into
clusters so that objects in the same cluster are more similar to one another than
they are to objects in other clusters. The attempt is to maximize the
homogeneity of objects within clusters while also maximizing the heterogeneity
between clusters (Hair et al., 2006; Jain & Dubes, 1988).
Other studies (Lee, Yu, McDowell, Leung, & Lam, 2013; Staudenmayer, Pober,
Crouter, Bassett, & Freedson, 2009) were explored in Chapter 1, that have
clustered people based on physical activity. This provided the motivation for
the belief that subgroups do exist within the cohort.
The next section, Methods, will discuss the components of clustering. In the
presence of measurement errors, applying clustering methods directly to raw
data does not take advantage of the functional structure. Thus, it is
advantageous to partition the data while keeping the functional structure. This
can be done by fitting curves for every individual, such as those discussed in
Chapter 2, before proceeding with the cluster analysis. In this chapter the raw
data for every individual will first be transformed to the 6th scale approximation
using DWT with a Daubechies-4 wavelet.
The application of these methods follows in the results section.
3.1 Methods
Fundamental to all clustering techniques is the choice of distance between
objects (Friedman et al., 2001). Similarity represents the degree of
correspondence among objects. It must be determined between each of the
observations to enable these to be compared to each other.
When similarity measures have been calculated, clusters can then be formed
based on these. Typically a number of cluster solutions are formed, and then
the final solution is selected from the set of possible solutions based on certain
criteria. Clustering algorithms can be divided into two groups; hierarchical and
non-hierarchical/partitional (Hair et al., 2006). Hierarchical algorithms move in
a stepwise fashion to form an entire range of solutions, whereas partitional
clustering algorithms find all clusters simultaneously as a partition of the data
and do not impose a hierarchical structure. Hierarchical procedures can either
be agglomerative, where each observation starts as its own cluster and are
recursively joined to form one large cluster, or divisive where the procedure
starts with all observations in one cluster and recursively divides it.
Given the vagueness of the term similarity, a cluster is a subjective entity whose
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significance and interpretation requires domain knowledge. The researcher
should have a strong conceptual basis to deal with issues such as why groups
exist in the first place (Hair et al., 2006). To clarify what exactly the clustering
will be based on, the measure of similarity that is used will be made explicit in
the next section.
The hierarchical procedure will then be presented. This will be used in order to
help in the detection of any outliers and also to identify a preliminary range for
the number of clusters (K). Having removed the outliers, a non-hierarchical
procedure will be applied using the range of K suggested by the hierarchical
methods. Silhouette analysis will then be employed to determine the optimal
value of K.
3.1.1 Similarity
The most commonly used measures of similarity are distance measures, they
represent similarity as the proximity of observations to one another (Hair et al.,
2006). These measures are actually a measure of dissimilarity, with larger values
denoting less similarity. Of these distance measures, the most commonly used is
the Euclidean distance (Anton & Rorres, 2010), which is what will be used here







Two individuals in the cohort, denoted X and Y, are represented by vectors of
the transformed activity levels, denoted by (x1, x2, ..., xn) and (y1, y2, ..., yn)
respectively. In this study the activity levels are aggregated into 1 minute
intervals, of which there are 1440 such intervals in a day, therefore n = 1440 in
Equation (3.1). To illustrate this, the first two individuals in the cohort, case
IDs 8 and 138, are taken as X and Y respectively. The curves for both are
shown in Figure 3.1, which also highlights the activity level for each at the
midday interval.
Figure 3.1: Similarity measure between IDs 8 and 138
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The difference between x720 and y720 (where 720 represents the midday point),







2 = 7542 (3.2)
This is calculated between every pair of individuals and is used as the basis for
joining individuals into clusters.
3.1.2 Hierarchical
Having decided how to join single observations into clusters, the next question is
how to join clusters that have multiple members. Do we use a single member of
the cluster for linkage, or use some composite to represent the cluster. The five
most popular methods for doing so are single linkage, complete linkage, average
linkage, centroid method and Ward’s method (Hair et al., 2006).
Single linkage, or nearest neighbour, joins clusters based on the proximity of
their two closest objects. Whereas complete, or farthest neighbour, joins
clusters based on the proximity of their two furthest away objects. Average
linkage, is the average of distances between all pairs of objects. Centroid
method is based on the distance between the centroids of each cluster. A cluster
centroid contains the averages for each variable based on its members. Ward’s
method (Ward Jr, 1963) looks at cluster analysis as an analysis of variance
problem. The distance between two clusters is the sum of squares, at each stage
the within cluster sum of squares is minimised. This technique tends to combine
clusters with a small number of observations, and so is biased towards creating
clusters with approximately the same number of observations. For the purposes
of this study, only the single and complete linkage methods will be used.
An important characteristic of hierarchical procedures is that the results at an
earlier stage are always nested within the results at a later stage, creating a
similarity to a tree (Hair et al., 2006). As clusters are formed only by joining
existing clusters, any member of a cluster can trace its membership in an
unbroken path to its beginning as a single observation. This can be illustrated
using a dendrogram. A dendrogram is a visualization in the form of a tree
showing the order and distances of merges during the hierarchical clustering. To
demonstrate a dendrogram, the 10 individuals are clustered with a complete
linkage clustering method, as shown in Figure 3.2.
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Figure 3.2: Dendrogram example
The agglomerative coefficents are the Euclidean distances as calculated in the
previous section. Based on the agglomerative coefficients in this sub-sample, the
pairs of individuals (2706, 2732) and (3312, 3681) are the first clusters to be
formed. Methods like this result in an agglomerative schedule, which is the
order in which clusters are merged, and can also be used to determine the
number of clusters to be considered (Milligan, 1980).
In the search for structure, cluster analysis is sensitive to outliers (Hair et al.,
2006). Outliers can either be truly atypical observations that are not
representative of the population; they can represent small or insignificant
segments within the population. Or they can be an under-sampling of actual
groups in the population. There is no one way to detect outliers, instead a
number of mechanisms are examined and collectively, can be used to form an
opinion of which observations are deemed to be outliers. These include the
examining of box plots, in addition to the agglomerative schedule. The
single-linkage method is one of the simplest agglomerative hierarchical methods
that is commonly used to detect an outlier. Using a dendrogram with a single
linkage clustering method, individuals that are far removed from everyone else
can be identified, this is illustrated for the same 10 individuals in Figure 3.3.
Figure 3.3: Dendrogram example for single linkage
What this illustrates is that ID: 2925 is the most dissimilar to all others in this
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sub-sample, as the other nine individuals are joined into a single cluster before
ID: 2925 is merged. When applied to the cohort as a whole, this should identify
individuals that are dissimilar to everyone else and could potentially be outliers.
Once detected, these outliers can be removed from the data and further
clustering can be performed. The solutions from hierarchical clustering are
impacted by a common characteristic that once observations are joined in a
cluster, they are never separated or reassigned in the clustering process (Hair et
al., 2006). Non-hierarchical procedures have the advantage of being able to
better optimize cluster solutions by reassigning observations until maximum
homogeneity within clusters is achieved.
The number of clusters identified by the hierarchical procedure can be utilised
in the non-hierarchical approach. The agglomerative coefficient can be plotted
against the number of clusters to obtain a representation of the point at which
the largest change in the coefficient occurs. This is known as the elbow method
(Thorndike, 1953), and can be used to determine the number of clusters. An
example of the elbow is presented in Figure 3.4.
Figure 3.4: Elbow method example
The analogy for this method is that the plot looks like an arm, with the elbow
then being the optimal number of clusters. The underlying idea for this method
is that one should choose a number of clusters so that adding another cluster
does not give better modelling of the data (Bholowalia & Kumar, 2014).
3.1.3 Non-Hierarchical
In contrast to hierarchical procedures, these methods do not follow an
agglomerative or divisive schedule. Therefore they do not follow the tree-like
process of the hierarchical methods and can not be represented using a
dendrogram. The number of clusters is specified first and then objects are
assigned into clusters. For example, a three cluster solution is not just the
merger of two clusters from the four cluster solution, as was the case for
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hierarchical methods.
K-means (Romesburg, 2004; Hair et al., 2006) is one of the most widely used
clustering algorithms. Its simplicity, efficiency and ease of implementation are
some of the reasons for its popularity. Given a representation of n objects, it
finds K groups based on some measure of similarity. It finds a partition such
that the squared error between the empirical mean of a cluster and the points in
a cluster is minimized.
The algorithm requires three parameters: number of clusters K, a distance
metric, and an initial set of cluster centres. The value of K will be identified
from the hierarchical clustering. A typical distance metric used is the Euclidean
metric for computing the distance between points and cluster centres. Different
initializations of cluster centres can lead to different final centres; to avoid this
convergence to local minima, the algorithm can be run multiple times with
different initializations.
The cluster centroids from the hierarchical solution can be used as the cluster
seeds, or they can be randomised. K-means typically uses sequential threshold,
parallel threshold or optimization for assigning individuals to clusters.
Sequential threshold starts by selecting one cluster seed and includes all
observations within a prespecified distance. When all observations within the
prespecified distance are included, a second cluster seed is selected and so on.
Once an observation is clustered with a seed, it is no longer considered for
subsequent seeds. Parallel threshold selects several cluster seeds and assigns
observations within the threshold distance to the nearest seed. Some
observations can remain unclustered if they are outside the prespecified
distance. Both these methods have the reassignment issue seen with hierarchical
procedures. The optimization method is similar to the other two but allows for
reassignment. If an observation becomes closer to another cluster, different from
its original cluster, it will switch cluster. Given this property, this method will
be used as the reassignment of observations is desirable.
The reassignment of observations works in the following manner. Using an
initial seed for the centroids, each individual is assigned to a cluster. Once they
are all assigned, the centroids are recalculated, and any individual that is now
closer to a centroid that is not its own is reassigned to the cluster it is closer to.
This process continues iteratively until a stable solution is reached.
One of the hardest tasks in K-means clustering is to determine the appropriate
number of clusters K. The elbow method, discussed earlier, is one example of a
visual aid that can be utilised to help determine this number. Silhouette
analysis (Rousseeuw, 1987) is another, and it used to study the separation
distance between clusters. It measures how close each point in one cluster is to
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points in the neighbouring clusters. The silhouette coefficient, s, for a given





where a is the mean distance between an individual and all others in the same
cluster, and b is the mean distance between an individual and all other points in
the next nearest cluster.
The score is bounded between [-1, 1], where a score -1 indicates incorrect
clustering and that an individual has been misclassified. A score of +1 indicates
highly dense clustering where individuals in a cluster are close to each other and
far away from other clusters. Scores around zero indicate overlapping clusters.
The score is higher when clusters are dense and well separated, which is
desirable for a cluster.
The elbow method will be used in the hierarchical procedure to determine a
range of potential values for K. Then the elbow method and silhouette analysis
will be used in the non-hierarchical procedure to help determine which of these
is the optimum K. The elbow method here will look at the percentage of
variance explained as a function of the number of clusters. K-means will be
implemented for a range of values of K, and the sum of squared distances of
samples to their nearest cluster centre will be calculated. As K increases, the
sum of squared distances tends to zero. If K was set to the maximum value,
namely the number of individuals, every individual would be in their own
cluster and so the the sum of squared distance will be zero. The first clusters
will add information but at some point the marginal gain will drop dramatically
and gives the elbow to the graph.
When implementing K-means, to make sure that the results are not influenced
by the order of the individuals in the dataset, they will be randomized before
the execution. To ensure stability and robustness of the results, the algorithm
was run 10000 times with different centroid seeds. The final results will be the
output in terms of the lowest inertia (Rousseeuw, 1987). The inertia is the sum
of squared distances of observations to their closest centre.
3.2 Results
3.2.1 Similarity
The distance measure was calculated between every pair of observations. Table
3.1 gives a snippet of these values for 5 individuals.
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ID
ID 2706 3312 2920 2925 2732
2706 - - - - -
3312 5366.0 - - - -
2920 7996.0 5591.0 - - -
2925 9498.0 8162.0 9071.0 - -
2732 3468.0 6481.0 9478.0 10598.0 -
Table 3.1: Similarity measure: Euclidean distance
The distance metric between IDs 8 and 138 was presented in the Methods
section. Using an agglomerative approach, where each individual starts in their
own cluster, the lowest distance was chosen and this pair forms the first cluster.
The first three clusters that were formed using an agglomerative approach are
shown in Figure 3.5.
Figure 3.5: First three clusters with agglomerative approach. (a) 2965 & 3002 (1520),
(b) 3355 & 3159 (1755), (c) 2994 & 2985 (1757)




Using a dendrogram with a single linkage clustering method, individuals that are
far removed from everyone else can be identified. Figure 3.6(a) shows this, while
Figure 3.6(b) then focuses on the left most part of the graph and truncates the
rest.
Figure 3.6: Hierarchical clusters formed using single linkage. (a) Full, (b) Truncated
What this illustrates is that 384 individuals, the number in brackets in Figure
3.6(b), of the 394 in total, are joined into a single cluster before any cluster
is formed with the other 10 individuals shown here. The large agglomerative
coefficients in the graph illustrates that these 10 are largely dissimilar to everyone
else. This suggests the potential for these being outliers and requires further














Table 3.2: Potential outliers
These represent the minimum distance between these IDs and any other
individual, and further clarify, what is illustrated in Figure 3.6, that these IDs
are far removed from everyone else. Looking at the top ten individuals in terms
of the raw total activity (TA) over the day may provide more information about
these individuals, these values are given in Table 3.3. Those highlighted in red












Table 3.3: Top ten individuals by total activity
As evident in Table 3.3, ID 3096 is extremely active. The boxplot in Figure 3.7
further illustrates the disparity of these six individuals from the rest of the cohort.
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Figure 3.7: Boxplot of total physical activity
This means that they may be outliers and are not simply a smaller cluster. They
are not representative of the cohort and so will be removed for the remainder of
the cluster analysis to avoid distorting the actual structure of the cohort.
3.2.3 Determining K
Having removed the outliers, other linkage methods can be explored to
determine a range for the number of clusters (K), Figure 3.8(a) shows the
hierarchical clusters formed using the complete linkage method. Figure 3.8(b)
shows a truncated version of the same dendrogram which displays the final few
cluster mergers, in addition to the number of individuals in each cluster along
the x-axis.
Figure 3.8: Hierarchical clusters: Complete linkage
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To further investigate what values of K are appropriate, the agglomerative
coefficients will be examined. Table 3.4 shows these values for the last 10 cluster
mergers using the complete linkage method.
Clusters (i) ACi ACi−1 % Change (i to i− 1)
10 14065 14551 3.46
9 14551 14821 1.86
8 14821 15464 4.34
7 15464 15751 1.86
6 15751 16379 3.99
5 16379 18285 11.64
4 18285 18613 1.79
3 18613 19076 2.49
2 19076 22845 19.76
1 - - -
Table 3.4: Complete linkage: Agglomerative schedule
Small coefficients represent fairly homogenous clusters, whereas large coefficients
or a large percentage change in the coefficients indicates heterogenous clusters.
The largest percentage increase occurs when going from two clusters to one, which
makes sense as these are the most dissimilar, as evident in Figure 3.8(a) where
the highest agglomerative coefficient is when the last two clusters merge. The
next largest increase is from five clusters to four, highlighted in Table 3.4, which
indicates that two dissimilar groups were merged. This suggests that five clusters
is a potential value for K. To further illustrate the changes in agglomerative
coefficient, it is plotted against the number of clusters in Figure 3.9.
Figure 3.9: Complete linkage: Agglomerative coefficient vs. Number of clusters
Figure 3.9 suggests that K lies between four and six. Therefore based on the




K-means will be implemented for each of the specified number of clusters using
the optimized threshold method. The centroids, which represent the average
profile in the group, for each cluster are shown in Figure 3.10. The number of
constituents for each cluster are shown in brackets in the legend.
Figure 3.10: Centroids for K-Means clustering. (a) K=4, (b) K=5, (c) K=6
The dashed lines were added to the graphs to help distinguish characteristics of
the different solutions. The horizontal lines at 400, 600 and 800 can be loosely
thought of low, moderate and high activity levels. While the vertical lines at
8a.m. and 8p.m. can be thought of as the beginning and end of the day. The
clusters are colour coded based on the centroid’s max activity level over the
day, using the decreasing colour series (blue, red, green, orange, purple, pink).
Therefore, the top cluster is always blue in Figure 3.10. The alternating line
styles are to help further distinguish the centroids. The centroids for the four
cluster solution are clear-cut. Cluster 1 (blue) is the high activity group, whereas
cluster 4 (orange) is the low activity group, and their centroids in Figure 3.10(a)
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are well separated. The two moderate activity clusters are distinguished by their
morning activity, with cluster 2 (red) being more active before 8a.m. compared
to cluster 3 (green). To get an idea of the make-up of these clusters, Figure 3.11
shows the four centroids and 20 randomly selected constituents from each cluster.
Figure 3.11: Four cluster solution. (a) 1, (b) 2, (c) 3, (d) 4
Individuals in cluster 1 (blue) are quite active compared to the other clusters.
Cluster 2 (red) can be characterised as early risers, or morning larks, and prefer
getting up and going to bed early, and are at peak performance early in the day.
This is evident by the peaks in the activity profiles before 8a.m. The opposite of
morning larks are night owls, who like sleeping in and staying up late, and do
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not perform well until the afternoon or evening.
The psychological term for describing these characteristics is chronotype. It
describes an individual’s propensity for sleep and activity at particular times
during a 24 hour period. It is the expression of circadian rhythmicity in an
individual, and three categories of chronotype are defined: morning types
(M-types), evening types (E-types), and neither types (N-types). M-types
generally wake up and go to bed early (Taillard, Philip, Chastang, & Bioulac,
2004) and have their best performances in the first part of the day, whereas
E-types go to bed and wake up late and have their peak performances in the
evening (J. Horne, Brass, & Petitt, 1980). These M-types have already been
characterised in the four cluster solution, cluster 2 (red). However, there is no
E-type cluster evident which therefore warrants further investigation into the
five cluster solution.
In the five cluster solution, Figure 3.10(b), cluster 3 (green) represents the early
risers (M-types), and cluster 2 (red) represents the night owls (E-types).
Clusters 1, 4 and 5 represent sub-divides of the N-types, which can be thought
of as high, moderate and low activity clusters respectively. In the six cluster
solution, Figure 3.10(c), these early risers and night owls clusters still exist, and
the N-types are now sub-divided into four activity levels.
Through the profiling of these clusters, subgroups of early risers and night owls
were identified and characterised. These subgroups exist for both K=5 and
K=6, therefore K=4 will no longer be considered. The choice of K is now a
question of whether to divide the N-types into three or four subgroups. These
subgroups are illustrated in Figure 3.12.
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Figure 3.12: N-types. (a) k=5, (b) k=6
Conceptually the three levels in Figure 3.12 are easier to interpret as high,
moderate and low. To determine which value of K is optimum, visual aids are
utilised. The elbow method, shows the sums of squared distances for increasing
values of K in Figure 3.13.
Figure 3.13: Sum of squared distances vs K
The elbow method suggests that the optimal number of clusters is five, however,
this elbow can not always be unambiguously identified. Another visual aid to help
in determining the optimal number of clusters is silhouette analysis, the silhouette
coefficients for each of the cluster’s constituents are shown in Figure 3.14. The
thickness (along the y-axis) of the silhouette plot can be used to visualize the
size of the cluster. For example, cluster 5 (purple) in Figure 3.14(a) is the largest
cluster.
56
Figure 3.14: Silhouette analysis. (a) K=5 (b) K=6
None of the silhouette scores are close to +1, meaning that the clusters are not
going to be well separated. This was expected given the dispersion of
individuals within clusters, as seen in Figure 3.11. Given the density of the
individual curves, well separated clusters was not achievable. Cluster 5 (purple)
in Figure 3.14(a), and cluster 6 (pink) in Figure 3.14(b), both represent the
lowest activity N-type clusters, and neither have any negative silhouette scores.
This tells us that the lowest activity cluster remains well separated from the
other individuals for both K=5 and K=6.
To illustrate the negative silhouette scores, the centroids of the five cluster
solution will be plotted along with the individual in each cluster with the lowest
silhouette score, as shown in Figure 3.15.
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Figure 3.15: Lowest silhouette score (a) 1: N-type (High), (b) 2: E-type, (c) 3:
M-type, (d) 4: N-type (Moderate) , (e) 5: N-type (Low)
The individual (ID 3365) in Figure 3.15(c) has the lowest silhouette score, and
this will be used to illustrate the calculation. First the mean distance between
ID 3365 and all others in the same cluster is calculated. Then the mean distance
between ID 3365 and all others in the other clusters is calculated. The next




1: N-type (High) 10226
2: E-type 7290
3: M-type 6064
4: N-type (Moderate) 6027
5: N-type (Low) 5145
Table 3.5: Silhouette mean distances for an individual to all other clusters
These values are then plugged into the silhouette score formula, Equation (3.3)








ID 3365 is closer on average to the individuals in cluster 5 N-type (Low) but
they possess the downward trend which is characteristic of cluster 3 M-type and
so can be considered to be clustered correctly.
The average silhouette score over all points in a cluster is a measure of how
tightly grouped all the points in the cluster are. Therefore, the average over all
the data is a measure of how appropriately the data has been clustered. Thus,
to choose between K=5 and K=6, the average value should be as close to 1 as
possible. As a value of +1 is considered ideal, then the higher the value, the
better the cluster configuration. In which case K=5 would be chosen as
optimum.
The clustering in this chapter was performed purely using distance metrics. In
the next chapter, functional principal component analysis is performed, which
focuses on features rather the data. Having extracted these features, cluster
analysis will be performed again on these features. The results of this will then
be compared to those that were obtained in this chapter. Having decided on five
as the optimal number for K, this will be used when looking to cluster using the
dominant patterns in the data. This is the subject of the next chapter.
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Chapter 4 - Functional Principal Component
Analysis
In functional data analysis (Ramsay, 2005) (FDA), the individual datum is a
whole function bounded on a common interval, rather than concentrating on the
observed values at particular points in the interval. The idea is that a function
f is a single object, which may itself vary and is thought of as a point in a
functional space.
FDA extends existing methodologies and theories from multivariate data
analysis. Indeed, functional principal component analysis (Ramsay, 2005; Hall,
Müller, Wang, et al., 2006) (FPCA), is an extension of the classical principal
component analysis (PCA) (Pearson, 1901), which will be detailed in the
methods section. PCA was one of the first multivariate data analysis methods
to be adapted to functional data (Dauxois, Pousse, & Romain, 1982). FPCA is
a method for investigating the dominant modes of variation of functional data.
In our cohort, it has already been observed that the data is functional.
Each individual has repeated measurements of activity counts over the course of
a day. As seen in Chapter 2, smoothing procedures can yield a functional
representation of a finite set of observations. Each individual’s data was
smoothed to reveal the underlying functional structure and reduce the effects of
noise. Now each individual can be represented by a curve (or function), based
on his/her observed data. The statistical analysis of n such curves is commonly
termed FDA (Ramsay, 2005).
In FDA, the data can be explored to see the features that characterise typical
functions. FPCA decomposes functional data into population level basis
functions and subject-specific scores (Ramsay, 2005), and is used to investigate
the dominant patterns in the data.
The point of this analysis is to find several "eigen-time-series", that would
describe the typical shape of the curves in the cohort. Eigenvectors and
eigenvalues are used to describe the variance of a dataset, and will be detailed
further in the Methods section. Each individual’s curve can be written as a
weighted sum of eigencurves. Having deduced the functional principal
components, the related scores will be clustered and compared to the results
from Chapter 3.
4.1 Methods
In order to review FPCA, it is necessary to first look at PCA, and how it is
used to reduce dimensionality for multivariate data. The goal of PCA is to find
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the sequence of orthogonal components that most efficiently explains the
variance of the observations. PCA finds a lower-dimensional representation of
the data, while preserving the maximum amount of information from the
original variables.
The first step in PCA is to centre the data in order to simplify the notation and
computations. This is done by subtracting the mean for each of the data
dimensions, or variables. Each dimension in our case is the activity at each of
the time points t, where t = 1, 2, 3, ..., 1440, from the smoothed curves such that
there are 1440 dimensions (p). The mean subtracted is the average across each
dimension, or the average activity across individuals at a given time. This




a1,1 a1,2 · · · a1,p
a2,1 a2,2 · · · a2,p
...
... . . .
...
an,1 an,2 · · · an,p

where n is the size of the sample (388) and p is the number of variables (1440).
To illustrate the effect of this mean centring, the plots for the first two
individuals in the cohort (IDs 8 and 138), will be shown. A snippet of the values
for IDs 8 and 138, along with means for each variable is shown in Table 4.1.
t
ID 1 2 3 4 5 ... 1439 1440
8 150 148 147 146 145 ... 290 290
138 94 94 94 93 93 ... 118 118
... ... ... ... ... ... ... ... ...
Mean 178 178 177 177 176 ... 194 193
Table 4.1: Variable means
The effect of this mean centring for these two individuals is shown in Figure 4.1.
Each individual’s curve can be reconstructed by adding the mean curve (µ(t))
and its difference from µ(t).
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Figure 4.1: Profiles for IDs 1 and 8 (a) Normal, (b) Mean centred
Next the covariance matrix needs to be calculated. The data has 1440 dimensions,
therefore, the covariance matrix will be 1440 x 1440. To illustrate, the first two
of these dimensions, namely t={1, 2}, are taken to investigate how they move
together. The covariance is given by:
cov(X1, X2) =
∑n
i=1(X1i − X̄1)(X2i − X̄2)
(n− 1)
(4.1)
where the vector X1 will be the values for all individuals at time t = 1, and






Since the covariance matrix is square, the eigenvectors and eigenvalues can be
calculated. An eigenvector (v), is a vector which does not change direction in a
transformation. A matrix is another name for a transformation, so if we label
our covariance matrix A, then eigenvectors (v) and eigenvalues (λ) are such that
they satisfy Equation (4.2):
Av = λv (4.2)












To demonstrate what these eigenvectors represent, the two vectors X1 and X2
are plotted against each other, with the eigenvectors superimposed on the plot.
This is shown in Figure 4.2
Figure 4.2: Scatterplot of X1 vs X2 with eigenvectors
The solid blue dots represent the values of X1 and X2, and the dashed green
lines are the eigenvectors. As evident from Figure 4.2, the two variables increase
together. The eigenvectors are perpendicular to each other and they also
provide us information about the patterns in the data. One of the eigenvectors
appears to fit the data quite well, similar to fitting a regression line. The second
eigenvector describes very little variation in the data. By taking the
eigenvectors of the covariance matrix, lines that characterise the data have been
extracted.
The eigenvalues that were calculated are quite different in size. The size of the
eigenvalue indicates how much variance can be explained by its associated
eigenvector. Therefore, the eigenvector with the highest eigenvalue is the
principle component of the dataset. In general, for our dataset of 1440
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dimensions, the eigenvectors can be ordered by eigenvalue, from highest to
lowest. By ignoring the components with lower eigenvalues, the dimensionality
of the data is reduced without losing too much information.
For example, take 10 as the number of components to be kept. Using these 10
components, the original data is then transformed into a new dataset where
each individual can be described solely in terms of these components. These
principal components can be thought of as a set of basis functions, which
account for as much variation as possible at each stage. Every individual can
then be represented with 10 weights, one for each of these principal components,
rather than an individual having 1440 observed variables. The original curve
can be reconstructed by adding the mean to the linear combination of weights
and basis functions:




where µ(t) is the mean, φk(t) the set of orthonormal basis functions and cik are
the subject specific scores.
The computation of PCA runs into serious difficulties in analysing functional
data because of the "curse of dimensionality" (Bellman, 2015). The curse of
dimensionality refers to various phenomena that arise when analyzing and
organizing data in high dimensional spaces that do not occur in lower
dimensions. The huge number of correlated dimensions tends to increase the
complexity of the model. Also, the higher dimensions used, the sparser the data
becomes.
Even if the geometric properties of PCA remain valid, the sample covariance
matrix is sometimes a poor estimate of the population covariance matrix.
FPCA provides a more informative way of examining the sample covariance
than PCA.
The main idea of the extension from PCA to FPCA is to replace vectors with
functions. Now each individual is described by one continuous function rather
than 1440 discrete observations. Eigenfunctions are deduced instead of
eigenvectors. FPCA finds the set of orthogonal functional principal components
(FPC) that maximize the variance along each component. It finds the first





is maximized subject to ||φ21(t)|| =
∫ tp
t1
φ21(t)dt = 1. Where β1 is the set of first
principal component scores with mean zero and f(t) is the set of functional curves,
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which are supported on the range [t1, tp]. This can be compared to the discrete





Successive FPCs are then found iteratively by subtracting the first principal
component from each f(t), then using Equation (4.4) with this new set of
functions, with the additional constraint that,∫
φi(t)φj(t)dt = 0,∀i 6= j (4.6)
This constraint ensures the perpendicularity of the FPCs. Approaches to FPCA
vary depending the sparsity or density of the data. These terms describe the
percentage of the dataset entries that are populated or not. The sum of the
sparsity and density should equal 100%. For sparse data, Yao et al. (2005)
proposed Principal Analysis by Conditional Expectation (PACE). PACE aims
to estimate eigenfunctions and eigenvalues of the covariance surface with
irregularly spaced longitudinal data (Yao, Müller, & Wang, 2005). The main
idea of PACE is to first formulate a raw covariance using pooled sparse
longitudinal measurements and then apply a two-dimensional local polynomial
smoother to estimate the covariance. Smoothing based on the pooled raw data
has the effect of borrowing strength from all data.
In our dataset, for all 388 individuals there was 1440 equally spaced activity
observations with no missing entries. Therefore, our dataset is considered dense
and procedures to deal with sparse data will be not considered.
The procedure for calculating the eigen components and associated FPC scores
can be summarised as follows.
1. Calculate the cross-sectional mean µ. A snippet of this calculation was seen
in Table 4.1.
2. Calculate the cross-sectional covariance surface.
3. Perform eigen analysis on the covariance to estimate the eigenfunctions φ
and eigenvalues λ.
4. Use numerical integration to estimate the corresponding scores β using
Equation (4.4).
The R package fdapace will be used for this analysis. The package can be used
for both sparse and dense data. Its working assumption is that a dataset is




The first four FPCs or eigenfunctions are shown in Figure 4.3.
Figure 4.3: FPCs (a) φ1, (b) φ2, (c) φ3, (d) φ4
Each curve accounts for a certain percentage of variation, with the first component
explaining the most variation and decreasing thereafter. The explained variance
for the first 20 FPCs is given in Table 4.2.
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Table 4.2: Functional principal components explained variance
If it were standard principal components that were calculated, there would be
as many principal components as there columns in our data, which in our case
is 1440. As more components are added, more and more of the variation is
explained. Once 1440 is reached, 100% of the variation is explained, although this
would tend towards 100% much sooner than 1440. For FPCs, as seen in Table
4.2, 99% of the variance is explained with 18. To illustrate this, the cumulative
explained variance is plotted in Figure 4.4.
Figure 4.4: Cumulative explained variance vs. No. of FPCs
Figure 4.4 can be useful to see how far the data can be reduced, and provides a
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good indication of the point of diminishing returns; the point where little
variance is gained by retaining additional FPCs. A method is needed to choose
the number of principal components (k) that will be used. In this study a
Fraction of Variance Explained (FVE) method was used. The threshold was set
such that 99% of variance is retained. Using this method, 18 FPCs were
retained.
The original curve can then be reconstructed using Equation (4.3); this is
illustrated for an example individual (ID 8) in Figure 4.5.
68
Figure 4.5: FPCA recomposition for ID 8. (a) k=1, (b) k=3, (c) k=7, (d) k=11 (e)
k=18
The first FPC has a very similar shape to the mean curve, so this component is
used to shift individuals up and down. ID 8 is less active than the average person
in the cohort, and so the reconstruction is shifted down in Figure 4.5(a). FPCs
are continually added to the reconstruction until the original curve is eventually
reconstructed, shown in Figure 4.5(e). Table 4.3 gives the scores for the first 10
principal components for a sample of 10 individuals in the cohort.
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ID ci1 ci2 ci3 ci4 ci5 ci6 ci7 ci8 ci9 ci10
8 -2398 1206 1462 -54 -212 -329 -1773 1953 45 -347
138 516 688 -1949 -1073 -1613 446 1334 -919 1415 -420
174 5313 488 -2885 -418 -769 1281 208 -2285 2006 -26
335 -2689 -770 -1663 1853 -1183 -1301 382 -55 102 134
719 -2094 -1468 807 -1561 -677 -63 -848 1462 377 1030
762 -212 1587 -639 -770 -937 262 -199 -322 185 309
905 -193 -1825 1613 1849 -964 -1169 -1427 -1675 1512 -1600
908 -168 1674 -677 1894 -999 617 248 18 -235 1147
914 4916 -2318 -3000 6156 1005 796 2094 385 6397 1201
1143 3742 224 -327 -2715 823 546 793 511 86 409
Table 4.3: First 10 principal component weights for first 10 IDs
To get an idea of the spread of these values, histograms for cik, k={1, 2, 3, 5, 7}
are shown in Figure 4.6.
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Figure 4.6: Histograms of FPC scores. (a) ci1, (b) ci2, (c) ci3, (d) ci5, (e) ci7
As expected, these scores are all centred around zero, as the weight vectors were
calculated to have mean zero. As we move from the first FPC (Figure 4.6(a)) to
FPCs which explain less variance, this spread contracts. To make this explicit
the standard deviation and absolute mean for the scores of each FPC is given in
Table 4.4.
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Table 4.4: FPC scores: Standard deviation and absolute mean
As can be seen in Table 4.4, the standard deviation and absolute mean for the
weight vectors are decreasing. To further illustrate, four FPCs, +/- 1 standard
deviation are shown in Figure 4.7.
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Figure 4.7: Mean curve +/- 1 standard deviation. (a) φ1, (b) φ3, (c) φ7, (d) φ11
In Figure 4.7(a), the curves formed by adding or subtracting one standard
deviation of φ1 are far removed from the mean. Whereas, in Figure 4.7(d), the
curves formed by adding or subtracting one standard deviation of φ11 are very
close to the mean. This demonstrates that the spread of scores has decreased.
An important aspect of FPCA is the examination of the scores, cik, of each
curve on each component. The scores for the first two FPCs are plotted against
each other in Figure 4.8, with the most extreme scoring individuals annotated.
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Figure 4.8: ci1 vs. ci2
The most extreme IDs are the maximum and minimum scores on each component.
ID 2874 has a large positive weighting for both the first and second FPCs. The
first FPC (Figure 4.3(a)) has a similar shape to the mean, µ, (Figure 4.5(a)) and
so this large positive weighting means that this particular ID’s average is above
the mean of the cohort. This is illustrated in Figure 4.9. In each figure, the
dashed grey line represents the original curve for ID 2874. Figure 4.9(a) shows
the mean curve, while Figure 4.9(b) & (c) show the effect of adding the first and
second FPC respectively.
Figure 4.9: FPCA recomposition for ID 2874. (a) µ, (b) k = 1, (c) k = 2
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Similarly ID 3539 has a large negative weight for the first FPC. As expected, this
will shift the mean down for this individual, as shown in Figure 4.10. In each
figure, the dashed grey line represents the original curve for ID 3539.
Figure 4.10: FPCA signal recomposition for ID 3539. (a) µ, (b) k = 1, (c) k = 2
These two large positive and negative scores for the first FPC (φ1) seems to be
indicative of low and high activity individuals. Extending this logic to the full
cohort, then comparisons can be explored between these weightings and the
results from the cluster analysis from Chapter 3.
In Chapter 3, five clusters were identified; namely morning larks (M-type), night
owls (E-type) and 3 levels (low, moderate and high) of neither type (N-type).
Considering the N-types first, it would be expected that the individuals in the
high activity cluster would have large positive values for the first FPC (φ1).
Conversely, the constituents from the low activity group would have negative
values. This is illustrated in Figure 4.11, where the coefficient weights are
plotted for each individual in the cluster, note that only every 3rd individual is
labelled in Figure 4.11(b) as there are many more individuals in that cluster as
75
opposed to the high activity cluster, 40 vs. 132.
Figure 4.11: First FPC (φ1) scores. (a) N-type: High, (b) N-type: Low
Given the similarities observed between these FPC scores and the results of the
cluster analysis, it will be interesting to investigate the parallels between both
methods. Recall from Chapter 3, that K-means clustering was based on the sum
of squared euclidean distances between point observations. For clustering using
the FPC scores, the pairwise distance between their scores will be used. To
illustrate, the scores for ID 2874 and 3539, the individuals who scored highest
and lowest on the first FPC, are plotted in Figure 4.12.
Figure 4.12: FPC scores for ID 2874 and 3539
K-means clusters individuals based on the sum of squared distances. The
differences in scores will converge as higher FPCs are considered, for example
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ci15 and ci18 in Figure 4.12 have negligible distance between the individuals.
This was also evident in Figure 4.6, as the spread of values was seen to get
smaller for the latter FPCs. For this reason, clustering will have more emphasis
on the first few FPCs as their differences between individuals will be larger,
hence contributing more to the sum of squared differences. Having concluded in
Chapter 3, that five was the optimal number of clusters for K-means, that
number will be used again here. The results from the clustering, along with the
cluster sizes and the average score from the first five FPCs are given in Table
4.5.
Cluster Size φ1 φ2 φ3 φ4 φ5
1 40 6903 68 -997 -290 -332
2 56 1813 -338 2961 -784 -15
3 64 1000 -2336 -1249 1014 251
4 96 684 1821 -471 60 66
5 132 -3844 -68 -5 -115 -62
Table 4.5: K-means on FPC scores
To visualise what these average component scores mean, they can be used to
reconstruct the average profiles, similar to the centroids seen in Chapter 3. These
reconstructions are shown in Figure 4.13.
Figure 4.13: Centroid reconstruction from average FPCA scores
With the help of Figure 4.13, these clusters can again be given labels. Cluster 1
(blue) is high, cluster 2 (red) is evening, cluster 3 (green) is morning, cluster 4
(yellow) is moderate and cluster 5 (purple) is low.
To further illustrate the differences between these clusters, the average scores
are plotted in Figure 4.14(a). The clusters we named high (1), moderate (4) and
low (5) are highlighted in Figure 4.14(b), while the evening (2) and morning (3)
clusters are shown in Figure 4.14(c) to emphasise the differences between the
two.
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Figure 4.14: Average FPCA scores (a) All clusters, (b) High (1), Moderate (4) & Low
(5), (c) Evening(2) & Morning (3)
In Figure 4.14(a), it can be seen that three clusters score similarly on the first
FPC while one, the blue star, has a large positive and another, the purple circle,
has a large negative. This plot just shows the averages, but obviously there is
variation within each group. To highlight this, box plots are shown in Figure
4.15, again coordinated by colour, for the first FPC scores for each cluster.
Figure 4.15: Box plots for the first FPC scores for each cluster
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Every individual in the high cluster has a positive score, similarly every
individual in the low cluster has a negative score, while the remaining 3 appear
to be centred around zero.
To emphasize the separation between these clusters the scores on the principal
components can be plotted against each other. In Figure 4.16(a) the scores on
the first two components are plotted and the points are colour coordinated by
cluster. The clusters are slightly mixed together in Figure 4.16(a), but if we
extract the high, moderate and low clusters as shown in Figure 4.16(b), the
clusters are linearly separable. This is also in the case in Figure 4.16(c), where
the morning and evening clusters are extracted and the second and third FPC
scores are plotted.
Figure 4.16: FPC comparisons (a) All clusters: φ1 vs. φ2, (b) High (1), Moderate (4)
& Low (5): φ1 vs. φ2, (c) Evening(2) & Morning (3): φ2 vs. φ3
The method for clustering presented in this chapter differs greatly from the
previous chapter. In the next section, comparison, the results from these two
methods will be compared and contrasted.
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4.3 Comparison
The results from the two distinct clustering methods are shown in Figure 4.17.
The clusters are coordinated by both colour and number, and in addition in each
cluster in the FPCA graph, Figure 4.17(b), has a unique symbol.
Figure 4.17: Clustering results (a) Distance, (b) FPCA
Quite surprisingly both clustering methods returned the same results. You can
see in the legends of Figure 4.17 that the clusters are of the same size but the
constituents still need to be verified. To picture the agreement between
clustering solutions, a clustering agreement index (Aggarwal & Reddy, 2014)
will be used. This quantifies the similarity between two given clusterings. The
cluster agreement for the FPCA method and the distance method solutions are
shown in Table 4.6.
FPCA
Distance
High Evening Morning Moderate Low Total
High 40 0 0 0 0 40
Evening 0 56 0 0 0 56
Morning 0 0 64 0 0 64
Moderate 0 0 0 96 0 96
Low 0 0 0 0 132 132
Total 40 56 64 96 132
Table 4.6: Cluster agreement: FPCA vs. Distance method
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The values along the diagonal are the only entries populated which implies a
concordance of 100% and the clustering solutions match exactly. The clusters
match exactly on size, and the constituents of each cluster were verified that
they too match exactly. FPCA identified features of the data and then
clustering on the scores of these features yielded the same results from
clustering purely on distance alone. If clustering is all that matters, then for
this dataset there is no added value in using the more complicated method of
FPCA over the pure distance method.
For the groups labelled high (1), moderate (4) and low (5), the parallels
between both methods are simple. Distance between profiles has a direct
correspondence to the scores of the first FPC. Both methods also managed to
identify the evening (2) and morning (3) clusters, which warrants more
investigation. This chapter addressed how scores for the second and third FPC
were used to differentiate between the evening (2) and morning (3) clusters.
These components were characterised by peaks or troughs in the morning or
evening periods, and relatively high scores for these influenced the clustering.
However, how the distance method achieved the same result was not explored.
To investigate, the distances between the centroids of the high, evening and
morning clusters are shown in Figure 4.18.
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Figure 4.18: Distance between centroids (a) High (1) vs. Evening (2), (b) High (1)
vs. Morning (3), (c) Evening (2) vs. Morning (3)
The evening (2) and morning (3) clusters are approximately the same distance
away from the high activity cluster. For both, the majority of the contributions
to the distance occur between 08:00 and 18:00. Whereas when compared to
each other, in Figure 4.18(c), the largest differences occur at the tails of the day.
This highlights how both the morning (3) and evening (2) clusters are separated
from the high (1) activity, and how they are separated from each other. The
logic for these separation can be extended for the moderate (4) and low (5)
activity clusters.
FPCA decomposes the variation between individual curves into uncorrelated,
temporal features. The usefulness of this depends on how these components are
interpreted. When looking at an outcome it is easier to observe and interpret
scores on specific principal components rather than checking to see what cluster
an individual belongs to. For example, if there was a targeted physical activity
intervention aimed at those who are more active in the morning, the scores for
the related components would only need to be examined. FPCA also makes use
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of the underlying patterns in the data which is a more intuitive way of
describing these profiles.
For these reasons the FPCA will be chosen over the simple distance method.
The output from the clustering based on FPCA will be used as the basis for our
sensitivity analysis in Chapter 5.
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Chapter 5 - Sensitivity Analysis
Sensitivity analysis is defined as the study of how the uncertainty in the output
of a model (numerical or otherwise) can be apportioned to different sources of
uncertainty in the model input (Saltelli, Tarantola, Campolongo, & Ratto,
2004). It is the process of recalculating outcomes under alternative assumptions
to determine the impact of the input variable. Put simply, it involves changing
the model and observing the resultant behaviour.
By performing such an analysis the robustness of the results of a model can be
tested. It will also further the understanding of the relationships between the
inputs and outputs. By doing this, it will help us observe how sensitive the
results are to modelling assumptions. This will not be a comprehensive
sensitivity analysis, but rather it is driven by the topics discussed in the
preceding chapters. This will include varying the number of FPCs used to
perform the clustering, exploring different smoothing techniques, consideration
of different epoch lengths and finally the choice to use only the weekday data in
our aggregation.
The results of the clustering, which utilised FPCA, will be used to gauge the
sensitivity of each choice. Therefore the number of FPCs used will be the first
choice to be investigated. To obtain the results, 18 components were used, but
could the same clusters be identified with fewer components? The degree of
overlap between our original solution and those generated using fewer FPCs will
then be assessed. In other words, the number of individuals who remain in the
same cluster and those who move will be illustrated.
Next was the choice of smoothing technique. The 6th scale approximation from
a DWT that used a DB-4 mother wavelet was used. In this sensitivity analysis,
another choice of wavelet, DB-8, will be explored, along with the rougher 4th
and 5th scale approximations. Splines, with both 11 and 23 uniform knots, will
also be explored to see if their use would have affected the results. The choice of
smoothing technique may then alter the FPCs that were derived, and
subsequently affect the related clustering results.
The decision to use the 6th scale approximation, was a direct consequence of the
number of data points in a profile. Collapsing to 1 minute epochs meant that
there were 1440 data points that needed to smoothed to reveal the underlying
functional nature of the data. Using 5 minute epochs, meaning 288 data points,
would require the use of a different scale approximation. This choice of epoch
length will be explored to see if there is any information lost by using the more
aggregated 5 minute epoch.
The final input to be analysed will be the number of days chosen. In our
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analysis, having collapsed the data into 1 minute epochs, each epoch was then
averaged over 5 days, Monday to Friday. However the participants in this study
wore the accelerometer for a full week. In Chapter 1, justification was given for
the choice to use only the week day data, as people’s week day activity profiles
often differ from those observed at the weekend. It is important to use all
available data, so the inclusion of the weekend data to create the average
activity profiles will also be considered.
5.1 FPCA
This section will focus on whether clustering on fewer principal components will
make a difference. The scores for the first 18 components were used to perform
the clustering in the previous chapter as they explained 99% of the variance.
However when characterising the clusters that were formed, the scores for the
first 3 components were used to describe the differences. The first principal
component was used to shift the mean up and down, and was identified as the
main differentiator between the low, moderate and high activity groups. While
the second and third components helped distinguish between the morning and
evening groups. For this reason, clustering with just the scores from the first
three components will firstly be compared to the full solution. The reconstructed
centroids are shown in Figure 5.1
Figure 5.1: Cluster centroids (a) 18 components, (b) 3 components
The results from clustering on three components appear to give a reasonable
estimate, but lacks the detail from the original result. The loss of information
inherent in using a reduced number of components will be investigated. The size of
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the clusters are shown in the legend in Figure 5.1. For example, the high activity
cluster, has 40 constituents when 18 components were used, and 46 constituents
with three components. To picture the agreement between clustering solutions,
a clustering agreement index can be used again, as seen in Chapter 4. This
quantifies the similarity between two given clusterings. The cluster agreement
for the 18 vs. 3 components solution is shown in Table 5.1.
18 FPCs
3 FPCs
High Evening Morning Moderate Low Total
High 39 0 5 2 0 46
Evening 1 48 2 2 0 53
Morning 0 8 57 14 7 86
Moderate 0 0 0 78 0 78
Low 0 0 0 0 125 125
Total 40 56 64 96 132
Table 5.1: Cluster agreement: 18 vs. 3 FPCs
Of the 40 people that the 18 FPCs solution classified as high activity, the 3
FPCs solution classified 39 people the same way, with the remaining person
classified as evening. The diagonal of Table 5.1 shows the number of individuals
classified the same by both solutions. Dividing the sum of this diagonal by the
total number of individuals, gives a concordance of 89% between the two
approaches.
The inclusion of one or more of the components higher then the 3rd causes the
differences in the clustering solutions. To investigate where these differences
occur, the number of components will be decreased incrementally and compared
with the 18 FPCs solution. To begin, the difference between 17 vs. 18 FPCs is
explored, this is shown in Table 5.2.
18 FPCs
17 FPCs
High Evening Morning Moderate Low Total
High 40 0 0 0 0 40
Evening 0 56 0 0 0 56
Morning 0 0 64 0 0 64
Moderate 0 0 0 96 0 96
Low 0 0 0 0 132 132
Total 40 56 64 96 132
Table 5.2: Cluster agreement: 18 vs. 17 FPCs
The values along the diagonal are the only entries populated which implies a
concordance of 100%. The concordance measures for every number of FPCs is
shown in Table 5.3.
86
FPCs 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3
% 100 100 100 100 99 99 99 99 99 99 99 98 98 97 89
Table 5.3: Concordance percentages: 17 to 3 FPCs
The first reduced number of components where differences are observed is 13.
What this means, is that the inclusion of the 14th principal component had an
influence on the clustering. Again the cluster agreement index can be created to
observe where the differences occur, this is shown in Table 5.4.
18 FPCs
13 FPCs
High Evening Morning Moderate Low Total
High 40 0 1 1 0 42
Evening 0 56 0 0 0 56
Morning 0 0 63 0 0 63
Moderate 0 0 0 95 0 95
Low 0 0 0 0 132 132
Total 40 56 64 96 132
Table 5.4: Cluster agreement: 18 vs. 13 FPCs
Encompassing the 14th FPC in the clustering resulted in two individuals being
clustered differently. One moved from the morning cluster to the high, and the
other from moderate to high. To investigate further, the IDs for these two
individuals will be required, these are given in Table 5.5.
ID 18 FPCs 13 FPCs
2356 Morning High
2676 Moderate High
Table 5.5: Cluster change IDs: 18 vs 13 FPCs
The 14th FPC is shown in Figure 5.2.
Figure 5.2: 14th FPC
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The respective scores for this FPC can be checked for these individuals and the
original curve can be reconstructed with 13 and 14 FPCs to see the effect of
including this FPC. This is shown for the 2 individuals who changed clusters in
Figure 5.3.
Figure 5.3: Reconstruction with 13 and 14 FPCs. (a) 2356, (b) 2676
The 14th FPC has a clear effect on the profile for ID 2676, Figure 5.3(b), and
the increased amplitude at around 4p.m. is conceivably enough to move the
individual from the moderate to high cluster. The effect on ID 2356, Figure
5.3(a), is less clear however. In Chapter 3, the silhouette analysis demonstrated
that the clusters were not well separated, so ID 2356 could potentially be a
border line case and the seemingly marginal effect of adding the 14th FPC could
be sufficient for its clustering to change. To investigate further, the 13 and 14
FPCs reconstructions are plotted again, this time with the cluster centroids for
both the morning and high clusters. This is shown in Figure 5.4.
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Figure 5.4: Curve reconstruction for ID 2356. (a) 13 FPCs, (b) 14 FPCs
The argument could be made for this individual belonging to either cluster. The
profile has the increase in activity at around 6a.m. which is characteristic of the
morning cluster, while its activity during the day is high enough that it could
feasibly belong to the high activity cluster.
In Table 5.3, for every choice of the number of FPCs used (except for 3 FPCs),
the concordance percentage remains close to 100%. This demonstrates that the
clusters are indeed robust to the choice of the number of FPCs used. In order to
run FPCA as opposed to regular PCA, the individuals needed to be described
by functions or curves rather than a discrete time series of observations. To do
this, smoothing techniques were applied so the next section will focus on the
robustness of the clustering to the choice of smoothing method.
5.2 Smoothing
In Chapter 2, the discrete wavelet transform was chosen as the smoothing
technique. Specifically the level 6 approximations of a DB-4 mother wavelet. At
the end of that chapter, other methods were noted as offering similar
representations of the data. So this section will explore the sensitivity of the
clustering to the choice of this smoothing technique. Changing the smoothing
techniques may mean that the curves used to describe individuals will be
different, and hence may result in different FPCs. Therefore FPCA will be
rerun for each smoothing technique, and 18 FPCs will again be used to perform
the clustering.
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Firstly cubic splines with both 23 and 11 uniform knots (every 1 hour and every
2 hours respectively) will be implemented and analysed. A change of basis using
our principal components will be performed, to transform these into subject
specific scores which will then be clustered. These results will be compared to
the previous results to determine the sensitivity of this choice of input.
Then a similar wavelet, the DB-8 mother, will be contrasted. It was shown in
Chapter 2 how these two wavelets differ when fitting a curve for a specific
individual, so how they affect the clustering as a whole will be explored in this
chapter. DB-4 has fewer vanishing moments, and therefore more compact
support, when compared to DB-8.
The first step is to fit every individual’s data with a cubic spline, with both 23
and 11 uniform knots. Then FPCA is run to generate the subject specific scores.
These scores are then used to perform the clustering with K-means, with K=5.
With that complete, the cluster centroids can be plotted, this is shown in Figure
5.5. Again the number of constituents in each cluster is shown in the legend.
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Figure 5.5: Cluster centroids (a) DB-4, (b) Cubic spline - 23 knots, (c) Cubic spline
- 11 knots
Judging solely by the shapes of the centroids and the size of each cluster, the cubic
splines with 23 knots appears to have performed similarly to our chosen wavelet
method. The cubic splines with 11 knots have flatter and smoother centroids,
and they are not picking up the nuances that the other two methods do. This
was to be expected as 11 knots means that there is a much wider support, and
so some of the details are lost. The differences in clustering after cubic splines
with 23 knots (CS23) can be investigated further using a cluster agreement index.




High Evening Morning Moderate Low Total
High 38 0 0 1 0 39
Evening 2 56 0 0 0 58
Morning 0 0 63 0 0 63
Moderate 0 0 1 95 0 96
Low 0 0 0 0 132 132
Total 40 56 64 96 132
Table 5.6: Cluster agreement: DWT - DB4 vs. Cubic spline (23 knots)
This shows that 4 individuals changed cluster. Their IDs are shown in Table 5.7.





Table 5.7: Cluster change IDs: DWT - DB4 vs. Cubic spline (23 knots)
ID 2676 again moves from the moderate to the high cluster, as it did in section
5.1. Two individuals move from high to evening, and one moves from the morning
to the moderate cluster. It was observed in Figure 5.5, that different smoothing
techniques will result in different cluster centroids. Therefore to explore the
differences in the clustering solutions, the fitted curves for these individuals will
need to be compared to their respective cluster centroids for each method. The
two individuals that went from high to evening will be explored. The fitted lines
using both smoothing methods, along with the centroids for the high and evening
clusters are displayed in Figure 5.6.
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Figure 5.6: Cluster constituent changes (a) ID:1143, DB4, (b) ID:1143, CS23, (c)
ID:2294, DB4, (d) ID:2294, CS23
The evening cluster is characterised by increased activity at around 8p.m., and
it is around this point where differences in the profiles are observed. In Figure
5.6(b), where the cubic spline method is used, there is a slight peak at this time,
which is not as pronounced when the wavelets are used, Figure 5.6(a).
Conversely, in Figure 5.6(c), there is a slight trough prior to 8p.m., which is not
present in Figure 5.6(d), where the cubic splines are used. These profile
attributes are enough to affect the clustering of these individuals. Only 4
individuals changing cluster still yields a concordance of 99%, so overall the
cluster solution is mostly unaffected by the difference between these smoothing
techniques. Next a different choice of wavelet will be looked at.
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Using a DB-8 mother wavelet in the DWT yields the same clusters. This is
displayed in a cluster agreement index in Table 5.8.
DB4
DB8
High Evening Morning Moderate Low Total
High 40 0 0 0 0 40
Evening 0 56 0 0 0 56
Morning 0 0 64 0 0 64
Moderate 0 0 0 96 0 96
Low 0 0 0 0 132 132
Total 40 56 64 96 132
Table 5.8: Cluster agreement: DWT - DB4 vs. DWT - DB8
The DWT decomposes a curve into a series of approximations and details, and
these detail coefficients were set to zero in our implementation. The choice was
made to use the 6th scale approximations as it provided a smooth representation
of the underlying functional nature of the data. To illustrate the effect of using
the 4th and 5th scale approximations, they are plotted along with the 6th scale for
an example individual in Figure 5.7.
Figure 5.7: ID:1143 scale approximations. (a) 6th, (b) 5th, (c) 4th
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It is clear that the representations are less smooth, but how would their use affect
the clustering? Once more, each person’s profile/curve has changed so FPCA will
need to be rerun and Kmeans implemented on the subject specific scores. The
concordance measures for each are shown in Table 5.9.
Scale approximation 5th 4th
% 99 98
Table 5.9: Concordance percentages: 5th and 4th scale approximations
Every choice of smoothing technique has demonstrated a relatively high
concordance and so it can be concluded that the clusters are robust to this
choice. The different scale approximations represent alternative ways of
aggregating the data, and it has been shown that the clusters are robust to this
choice. In the preprocessing of the data, the raw data was collapsed into 1
minute epochs before the activity profiles were created. Section 5.3 will explore
an alternative epoch length, 5 minutes, to see if there is any loss of information.
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5.3 Epoch
Using a epoch length of 1 minute, resulted in a time series of length 1440 for
every individual. If a 5 minute epoch is used, it means the time series will have
length 288. Therefore, a different scale approximation needs to be used. The 3rd,
4th and 5th scale approximations for an example individual are shown in Figure
5.8.
Figure 5.8: ID:1143 scale approximations for 5 minute epoch. (a) 3th, (b) 4th, (c) 5th
The scale of the y-axis in Figure 5.8 is much greater than previous figures
displaying activity profiles as more data is now being collapsed into an epoch.
Once more, FPCA can be run for each of these before clustering. The
concordance to our original solution are shown in Table 5.10.
Scale approximation 3rd 4th 5th
% 99 98 85
Table 5.10: Concordance percentages: 5 minute epoch with 3rd, 4th and 5th scale
approximations
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The 5th scale approximation has a much lower concordance than the other two.
This can be explained by looking at Figure 5.8(c), where the profile lacks much
of the detail than the others possess. The 3rd scale approximation has a slightly
better level of agreement than the 4th, so it will be used to explore the differences
further. The IDs for the individuals that changed cluster are displayed in Table
5.11.
ID 1 minute 5 minute
1743 High Morning
2676 Moderate High
Table 5.11: Cluster change IDs: 1 minute vs. 5 minute epochs
Once again ID 2676 moves from the moderate to the high cluster, as it has done
in each section thus far. It has been highlighted as a borderline case, and
perhaps it belongs in a different cluster. Nonetheless a concordance of 99%
means that our clusters are not sensitive between an epoch length of either 1
minute or 5 minutes.
Another choice made in the data preprocessing was to use only the weekday,
Monday to Friday, data and not include the weekend data despite each
individual wearing the accelerometer for a week. In the section 5.4, the effects of
including the weekend data will be explored.
5.4 Weekday vs weekend
Studies have documented that four to seven days monitoring may be needed to
obtain reliable information on habitual physical activity (Matthews, Ainsworth,
Thompson, & Bassett, 2002; Dillon et al., 2016). To illustrate the effect of
including the weekend, the profiles for our example individual, ID 1143, are
shown in Figure 5.9.
Figure 5.9: Profiles for ID 1143 using data from the weekdays and full week
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This individual is more active in the afternoon at the weekends and so the average
profile is brought up around this time. Overall, the profile is largely similar.
However when clustering is performed the concordance between the two methods
is only 64%, with 138 people being clustered differently. What this suggests is
that the inclusion of the weekend data has had a large effect on the profiles of
people in the cohort. To investigate these differences further, the cluster centroids
for each solution are displayed in Figure 5.10.
Figure 5.10: Cluster centroids. (a) Weekday only, (b) Full week
The characteristics of the full week centroids, which is the average profile for
those in the cluster, is quite different to those that only used the week day data.
When activity profiles vary with day of the week, information is lost when you
average. As such, given that profiles differ on weekends it is not a good idea to
create profiles by averaging over 7 days. Clustering could be performed based
solely on the weekend data, but that will not be considered in this thesis.
Having concluded the robustness of the cluster solution with respect to certain
characteristics, the final chapter will provide a discussion of the findings.
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Chapter 6 - Discussion
In this chapter, a discussion of the findings is presented. The limitations of
the analysis are then discussed along with recommendations. The section on
implications examines translating research into practice before a conclusion is
presented.
6.1 Discussion of findings
The first challenge in this study was to convert the raw accelerometer data into
an activity profile in order to compare individuals. From an initial exploration
of the data, it was evident that sharp discontinuities were present and so it was
deemed that wavelets would be a good choice of smoothing technique. In the
sensitivity analysis, it was found that wavelets performed similarly to cubic
splines with uniformly placed knots at hourly intervals.
The goal of the cluster analysis was to explore if distinct groups existed in the
cohort based solely on an objective measure of their physical activity. A
combination of hierarchical and non-hierarchical (K-means) methods were used
to determine the appropriate number of clusters. From the analysis performed,
the five cluster solution was deemed the most appropriate. These clusters were
labelled as high, moderate, low, evening and morning. Two distinct clustering
methods produced the exact same clusters of people.
The first method used just the distance between profiles, more specifically it
was the sum of the Euclidean distances at each time point along the profile that
was used as the metric for putting people into clusters. The second method
utilised functional principal component analysis to decompose all the curves
into their dominant modes of variation being using the respective component
scores to cluster. The most dominant pattern, the first principal component,
had a very similar shape to the average curve. Which meant that differences in
the averages dominated everything and was the main source of variation
amongst people.
Profiling of the clusters revealed a divide by activity patterns, perhaps it is
suggested by chronotype. Like other personality traits, chronotype extends
along a continuum, with a few extremes at each end, and most people clustering
in the middle. The distribution resembles a normal distribution from
morningness to eveningness (Randler, 2009). Individuals in the tails of the
distribution are colloquially known as morning "larks" and night "owls",
reflecting that they either go to sleep early and wake early, or go to sleep late
and wake late. If you are a morning lark or a night owl, then it is likely that
you are fully aware of it. If you do not have a preference for morning, afternoon,
or evening, then you are a neutral (neither) chronotype. Determining your
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chronotype is currently done using a series of questions, but perhaps
accelerometers can be used in conjunction with these questions.
Knowing your chronotype will allow you to work with your body rather than
against it. A growing number of companies are encouraging their employees to
work when their bodies are most awake by offering flexible hours. The Society
for Human Resource Management (SHRM) conducted a survey in 2018 that
found that 57% of its members offer flexible working hours, which was 5% more
than in 2014 (SHRM, 2018). The result being a well rested and more productive
work force. A real world experiment was conducted in a steel factory in
Germany, where they aligned work schedules with chronotypes (Vetter, Fischer,
Matera, & Roenneberg, 2015). Day shifts were assigned to the morning larks
and the night shifts to the night owls. By aligning schedules with internal
clocks, researchers found that employees got 16% more sleep. The benefits of
getting sufficient levels of sleep are well documented.
Everyone has an optimal time to fall asleep and wake up. The quality of sleep
decreases when you do not sleep when your body wants to, leading to fatigue
and health problems. If you require a alarm clock to wake up in the morning
then you are out of sync with your internal rhythm. Worker fatigue has been
responsible for many work place accidents. One famous example was NASA’s
Space Shuttle Challenger which broke apart 73 seconds into flight killing its
entire crew. The main contribution for the incident was human error and poor
judgement related to sleep loss and shift work during the early morning hours
(Feynman, 1986).
Unfortunately the chronotypes for the individuals is not available, so the
suggestion of identifying morning and evening people can not be validated. In
the next section further limitations will be discussed.
6.2 Limitations and Recommendations
This was a cross-sectional study, conducted in one primary care centre in 2011
with a sample of people aged 50-69, which limits the generalisation of our
findings to other populations. However, a follow up study was conducted for
this cohort in 2016. So baseline activity can be related to follow up. Also
changes in these profiles could be investigated. This follow up data is, however,
out of the scope of this study.
People can not be forced to wear the accelerometers. If the most inactive people
simply refused to wear the accelerometers, it could skew the results. This
introduces the potential for bias. In this study, valid accelerometer data was
only available for 397 people from the 2047 in the cohort. The activity profiles
of those included in the study may not be typical of the activity profiles of the
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population of interest. Therefore, it is possible for example that those who
refused to participate had an activity profile that was not captured by the
profiles presented in this thesis. As such, my results may not present a complete
picture.
To investigate whether the 397 is representative sub-sample of the cohort, the
distributions between those with accelerometer data and the full cohort can be
investigated in relation to certain demographic information. These are shown in
Appendix A, for age, BMI, education and smoking status. They illustrate that
the sub-sample is representative of the cohort.
Another consideration is that people may be more active than usual because
they know they are being monitored. This is known in behavioural psychology
as the Hawthorne effect (Parsons, 1974), which is a type of reactivity in which
individuals modify an aspect of their behaviour in response to be being
observed or being part of a study (Rowland, 1994). People can not maintain
this posturing for long and so the effects diminish over time (Leonard &
Masatu, 2006). A longer time frame for the study could be recommended in
order to lessen this effect.
The feasibility of conducting a study similar to this on a larger scale is
questionable given the logistics and cost of getting the devices to the
participants. However, with technological advances, this is now possible, as
shown by the UK Biobank study who collected and analysed accelerometer data
for 100,000 participants (Doherty et al., 2017). In this study participants were
contacted via email and the accelerometers were in turn posted to them with
instructions on their use. Without physically having to report to a doctor’s
office, it was possible to collect such a large amount of activity data. The author
then reported on activity variation by age, sex and other demographics. They
had a response rate of 44.8% and 96,600 participants (93.3%) provided valid
accelerometer data. If their approach to data collection was adopted, studies
could potentially be conducted for a larger cohort and over a longer time frame.
In addition to pure accelerometers, new fitness trackers and smart watches are
released every year, which contain accelerometers in addition to other sensors.
Smart watches monitor heart rate in order to distinguish between just
movement and actual exercise. Heart rate increases when exercising (Achten &
Jeukendrup, 2003). A smart watch will only register movement as exercise once
the heart rate goes above a certain threshold. Therefore using heart rate
readings in conjunction with the movement data, leads to a more accurate
estimate of METs or calories burned. Walking at a leisurely pace may not raise
heart rate sufficiently to be considered exercise.
Using 1 minute epochs may obscure short bursts of VPA or MVPA and
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underestimate high intensity PA (Welk, 2002; Nilsson, Ekelund, Yngve, &
Söström, 2002). Traditionally 1 minute epochs were used due to limited
memory capacity issues (Allison, 1995). For future work, shorter epochs could
be explored as they would provide more detailed information about the
intensity and duration of activity (Trost et al., 2001).
The metric used to collapse the raw data into these epochs could also be
explored. In this study, the mean was used to aggregate the daily PA values,
whereas the median or certain quantiles could potentially have been used. This
leads to another limitation in this study, which is the choice of statistical
techniques. Both smoothing and cluster analysis are open to interpretation
(Rousseeuw, 1987). Each profile consisted of 1440 minute by minute
measurements of PA which ranged from midnight to midnight. These discrete
measurements were converted into a smooth curve. The sensitivity analysis in
Chapter 5 demonstrated that the clustering was robust to the choice of
smoothing technique. For K-means clustering, the first challenge is to find the
correct number value of K (the number of clusters). Graphical aids, such as
silhouette analysis, were used in this study to interpret the different cluster
solutions. To ensure stability and robustness of the results, the algorithm was
run 10000 times with different centroid seeds.
The tendency to be more active in the morning may just be because of work
commitments or personal schedules. After a lifetime of balancing work and
social commitments people do not know what their natural rhythm is. In an
ideal study, people would have an extended period free with no morning or
evening commitments. In addition, the people in the study would avoid caffeine,
other stimulants and artificial light which can push your chronotype later.
What time would these people then tend to fall asleep and wake up?
6.3 Implications
Other studies have clustered accelerometer data in terms absolute activity
volume, as in high or low activity groups (Lee et al., 2013; Rovniak et al., 2010;
Fairclough, Beighle, Erwin, & Ridgers, 2012). However they do not place too
much value in determining what time of day people are active. The reason for
this is that for the most inactive or sedentary people, getting any amount of
exercise is the most important thing regardless of the time of day. Only 22.9%
of U.S. adults met PA guidelines between 2010 and 2015 (Blackwell & Clarke,
2018).
The implication for those in our cohort that are in the low activity cluster, is
that they are not gaining any of the health benefits from exercise. The goal for
the individuals in this cluster would be to undertake any amount of exercise
whenever they can. Tips for slightly increasing activity include getting off the
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bus one stop earlier, taking the stairs instead of the elevator or escalator and
parking as far away from the store as possible. For those in the moderate
activity group, the aim would be to increase activity levels further. While the
high activity individuals should strive to maintain their activity levels.
This study went a step further and identified the times of day people are active.
Equipped with this information, more targeted interventions can be deployed
for increasing PA. Many gyms offer early morning classes which would be
suitable for those identified as being more active around this time. Evening
walking groups can be directed towards those individuals in the respective
cluster. Using the FPCA method the scores on the second and third component
would only be needed to determine the targets for each intervention.
Further to targeted interventions, being able to determine whether people have
a propensity to be active in either the morning or evening would be invaluable
to both the individual and any potential employers. This has implications for
both personal performance and well being. People know what parts of the day
they have the most energy and when they are peaking mentally. Knowing this
means that the day can be tailored accordingly, using lower energy periods for
more mundane tasks while saving peak energy periods for more creative and
demanding work.
By offering flexible working hours, companies are beginning to recognise that
people have different chronotypes. Further to this, it is being proposed that
teams could potentially be built around people’s chronotypes. In a paper called
"Chronotype diversity in teams", Volk et al. (2017) give examples of jobs that
require sustained attention over time. These include the police, nurses and
surveillance teams who could benefit from having a mix of early and evening
types to ensure that there is always someone who is alert and engaged.
6.4 Conclusions
At the outset of this study, the aim was to identify and characterise individuals
in a cohort based solely on their activity profiles. The first step was to convert
the raw accelerometer data into a profile that reflected the underlying
functional nature of a person’s activity.
FPCA was applied to the data to uncover associations related to the time of
day differences in activity. Using FPCA meant that a huge amount of data is
reduced down to just a few subject specific scores. Two distinct clustering
methods identified the exact same 5 subgroups in the cohort. These results were
subject to a sensitivity analysis which ensured their robustness.
In addition to separating in terms of absolute activity, two groups showed a
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tendency to being more active in either the earlier or later parts of the day.
Admittedly this may be explained by people simply having different work or
personal schedules but perhaps it is revealing an underlying physiological aspect
of the individual that warrants further investigation.
Emerging research reveals that everyone has an optimal time to both fall asleep
and wake up. This biological rhythm inherent in everyone is known as a
chronotype. A person’s chronotype describes their propensity for sleep and
activity at particular times during a 24 hour period. If a person does not sleep
when their body wants, the quality and duration of the sleep is affected. This
leads to fatigue, poor work performance and also health problems (Chervin,
2000; Hafner, Stepanek, Taylor, Troxel, & van Stolk, 2017)
Chronotype is typically determined via questionnaire, examples include the
morningness-eveningness questionnaire (MEQ) (J. A. Horne & Östberg, 1976)
and the Munich ChronoType Questionnaire (MCTQ) (Roenneberg,
Wirz-Justice, & Merrow, 2003). These questionnaires have the same drawbacks
as any in that they are subjective and have the potential to be biased based on
an individual’s own perceptions of themselves. In conjunction with these
questionnaires, I believe the objectivity of an accelerometer could be an
invaluable feature in the calculation of an individual’s chronotype.
This study attempted to identify sub groups in a cohort based solely on their
activity data. A method which capitalised on the longitudinal nature of the
data was deployed rather than a summary which would have masked this
temporal affect. By adopting this approach sub groups with an inclination
towards being active at certain times of the day were revealed.
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This appendix contains histograms and bar charts to display. For the continuous
variables, age and BMI, their respective histograms are shown in Figure A.1 and
Figure A.2.
Figure A.1: Age distribution (a) Accelerometer group, (b) Full cohort
Figure A.2: BMI distribution (a) Accelerometer group, (b) Full cohort
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For the categorical variables, education and smoking status, the bar charts
representing the respective counts for each category are shown in Figure A.3
and Figure A.4.
Figure A.3: Education distribution (a) Accelerometer group, (b) Full cohort
Figure A.4: Smoking status distribution (a) Accelerometer group, (b) Full cohort
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